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Foreword 


It is often said that scientific texts quickly become obsolete. 
Why are the Pauli lectures brought to the public today, when 
some of them were given as long as twenty years ago? The 
reason is simple: Pauli’s way of presenting physics is never 
out of date. His famous article on the foundations of quantum 
mechanics appeared in 1933 in the German encyclopedia 
Handbuch der Physik. Twenty-five years later it reappeared 
practically unchanged in a new edition, whereas most other 
contributions to this encyclopedia had to be completely re- 
written. The reason for this remarkable fact lies in Pauli’s 
style, which is commensurate to the greatness of its subject 
in its clarity and impact. Style in scientific writing is a quality 
that today is on the point of vanishing. The pressure of fast 
publication is so great that people rush into print with hur- 
riedly written papers and books that show little concern for 
careful formulation of ideas. Mathematical and instrumental 
techniques have become complicated and difficult; today most 
of the effort of writing and learning is devoted to the acquisi- 
tion of these techniques instead of insight into important 
concepts. Essential ideas of physics are often lost in the dense 
forest of mathematical reasoning. This situation need not be 
so. Pauli’s lectures show how physical ideas can be presented 
clearly and in good mathematical form, without being hidden 
in formalistic expertise. 

Pauli was not an accomplished lecturer in the technical sense 
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of the word. It was often difficult to follow his courses. But 
when the sequence of his thoughts and the structure of his 
logic become apparent, the attentive follower is left with a new 
and deeper knowledge of essential concepts and with a clearer 
insight into the splendid architecture of reason, which is theo- 
retical physics. The value of the lecture notes is not diminished 
by the fact that they were written not by him but by some of 
his collaborators. They bear the mark of the master in their 
conceptual structure and their mathematical rigidity. Only 
here and there does one miss words and comments of the mas- 
ter. Neither does one notice the passing of time in his lectures, 
with the sole exception of the lectures on field quantization, 
in which some concepts are formulated in a way that may 
appear old-fashioned to some today. But even these lectures 
should be of use to modern students because of their compact- 
ness and their direct approach to the central problems. 

May this volume serve as an example of how the concepts of 
theoretical physics were conceived and taught by one of the 
great men who created them. 


Victor F. Weisskopf 


Cambridge, Massachusetts 


Preface 


‘“Feldquantisierung” (the title of the German original of 
these lectures) has become a widely used document of the field 
theoretic literature from the moment it was published. The 
course, given by Pauli at ETH, Ziirich, in 1950-51, took the 
form of a research seminar in which Pauli commented on the 
problems of current interest at the time. In this respect these 
lectures differ from the others of this series, which were of more 
conventional form and addressed themselves to the diploma 
students of ETH. 

- The character of comments is also reflected in the style of the 
notes, which were prepared by the late M. R. Schafroth, at that 
time Pauli’s assistant. Coauthor of these notes was U. Hoch- 
strasser, now delegate for scientific matters to the Swiss Govern- 
ment. But this style is not only characteristic of the form Pauli 
gave to these lectures; it also reflects Schafroth’s personal man- 
ner of talking physics. In fact, the same no-nonsense style is 
apparent in the lectures on statistical mechanics, in this series, 
which are also translated from notes by Schafroth. 

Of course, field theory has come a long way since the days of 
“Feldquantisierung.” The axiomatic approach of modern field 
theory has introduced a quite different mathematical language 
and a degree of rigor without which the known exact results 
would not have been possible. In order to make some connec- 
tion with these recent developments I have asked Klaus Hepp 
to comment in the appendix on the present state of the problem 
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of renormalization without perturbation theory, and I here 
acknowledge his expert help. 

The physical problems, though, have not fundamentally 
changed, except for having become more complex through the 
multiple discoveries in elementary particle physics. For this 
reason Pauli’s comments on these problems in “Feldquantisier- 
ung” are still of intrinsic interest today. Apart from this the 
present lectures have acquired an interest as an historical 
document on the heroic times of quantum electrodynamics as 
symbolized by the names of Tomonaga, Schwinger, Feynman, 
Dyson, and others. For this reason I have supplemented all the 
casual references to original works made in “Feldquantisier- 
ung” with their exact location in the published literature. In 
this task I have enjoyed the encouraging help of Freeman 
Dyson. I also acknowledge a helpful correspondence with 
R. Glauber. 

The editing of this English translation has not been an easy 
task, and the work of the translators deserves special mention. 
At some places I have dared to deviate from the original by 
adding more precision. Where this was not possible by minor 
changes, a comment has been added in the appendix. In this 
task as well as in the elimination of errors the comments by 
Barry Simon, at the time a graduate student of A. S. Wightman 
and now a noted field theorist in his own right, were of great 
help. 

If in editing these lectures a hook of interest to today’s stu- 
dents and researchers in field theory has been produced, it will 
contribute to honor the memory of Wolfgang Pauli. 


Charles P. Enz 


Geneva, 27 October 197] 


Pauli Lectures on Physics: 
Selected Topics in Field Quantization 


Chapter 1. Quantization 
of the Electron-Positron Field 


1. THE HEISENBERG AND INTERACTION REPRESENTATIONS [A-1]! 


We can choose the time dependence of the operators and 
eigenfunctions quite arbitrarily as long as the expectation 
values preserve the correct time dependence: 

<A> 7 (WT Avda) = pie] 

1. Heisenberg representation. The state vector Y is time 
independent. A satisfies the field equations with interaction. 
For example, for A—~@,, the electromagnetic potential, 


Ww 


1, = — je. [1.2] 


2. Interaction representation. Here Y is time dependent, 
but such that the resulting time dependence of A has the 
consequence that A satisfies the field equations without 
interaction. For example, 


O¢,=0. [1.3] 


The two represe?:tations are the same when there is no 
interaction. For example, if the interaction is 


H=—j®,, jioe, e<l, 
and one expands 
W—M+e V4+..., 
1Comments [A-1]~[A-7] appear in the Appendix on pp. 177-181. 
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then WY, is time independent and ¥,, ¥,, ¥W, ... are time 
dependent. 


Note: 1. All of this is valid for ordinary quantum mechanics 
as well as for quantized field theories. 
2. If the total energy is diagonal, then in the Heisenberg rep- 
resentation 


Anmn(t) aa Ana) “exp (i(#,, — E,,)t] ’ 
and YW is time independent. 
3. Schrodinger representation. Here A is chosen to be time 
independent and, accordingly, 
Y(t) = (0) -exp lait] [1.4] 


(if the total energy is diagonal). 


2. QUANTIZATION OF THE HARMONIC OSCILLATOR 


The Hamiltonian is 


1/p" 
H=-~ = +ma*4'*) e 
2\m 


Let 
ma? q' -/m=q 


(canonical transformation; p, ¢ Hermitian). Then, 


H = }(p?+o%q?) , [2.1] 


i{p,qj=1. [2.2] 
We introduce 


V 20 


gt 


, V 20 


a ee (p — iq) | 
’ [2.3] 
(p +104) | 


so that 
la, a °}—=1 , [2.4] 
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Then, 
= ° (aa* +a*a) =o (ara ae fa, a") . [2.5] 


“ 


The term 3[a,a*]=} is the zero-point energy. The quan- 
tity a*a has integral eigenvalues: 


ata=N (N=0,1,2,...), [2.6] 


which follows from the Hermiticity requirement for pand q. 
The matrix representation in which N is diagonal is 


0 V1 O + 0 
0 0 VQ ose 0 
(hk = eee ai eee eee ‘ie 
0 0 0 1+ WN 
0 0 0 0 
vi 0 0 0 
0 v2 0 0 
ee 
tee [2.7] 
0 0 0 VN 
0 0 0 0 
0 1 0 0 
0 0 2 0 
x . e e ° e e 
0 0 .0 +» N 


Let ¥ be a function of the variables NV: Say). Then, 
the significance of a is seen to be as follows: 


a* is a creation (emission) operator, since 


COP ONAN FN) ; 
j . [2.8] 
a ig an annihilation (absorption) operator, since 


a(N) = VNY(N—1) 
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The state of lowest energy is N =0, the ‘‘vacuum.’’ Then, 


COV FO), aro) — 0s 


<a*a>, =0, Ce [2.9] 


The occupation number WN is arbitrary here; this quan- 
tization thus corresponds to Bose-Einstein statistics. Cor- 
responding relations exist for Fermi statistics (satisfying 
the exclusion principle). 

Formally, if one introduces 


{a, a*} =aa* +a*a=1, a*=07 e210), (2-10) 


then one obtains as solution 


0 1 : 0 0 a 
Sab 0; 7% 7 Oe ae 
Furthermore, if we set 
0 Oo 
N=a*a= 0 4)? [2.12] 
then 
: 1 0 
1—N = aa* = 0 o}? 
N(1—N)=0. [2.13] 


This corresponds exactly to the exclusion principle. Note 
that here, in contrast with Bose-Einstein statistics, com- 
plete symmetry exists between a and a*, and N and 1—N, 
respectively. 


3. SECOND QUANTIZATION FOR SPIN-} PARTICLES 


a. Nonrelativistic formulation for spin-0 


We expand in terms of a complete set of eigenfunctions, 


p(x, t)= > 4, exp (i(k, -x,— krt)] ’ [3.1] 
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and require that the amplitudes of the individual modes 
commute and that each individual mode behave as a har- 
monic oscillator: 


[a,, a,|= [a; ’ a; |= 0 } [a,, as] = On . [3.2] 
If we imagine the whole system to be enclosed within a 
‘ box G whose sides are of length L, then 


9 


aJt 


io L 


s‘, t=1,2,3, where the s‘ are integers. [3.3] 
Instead of enclosing the system in such a box, one can, 
with the same result, require periodicity: 

p(x +L, x, 285 t)=y-y(x', v7, x; t) ; lyit= 1. (4) 
The completeness relation demands that 


[vryare— 3 ata,— SN, [3.5] 


(4 


b. Relativistic formulation 


Here a characteristic complication appears, which results 
from the fact that solutions of all simple field equations 
contain negative as well as positive frequencies. 

In particular, consider the Dirac equation: 


yey? +p y= 26 yy ; [3.6] 


} 
(” sp tm)v=0 : [3.7] 


As is well known, this equation also leads to solutions with 
positive and negative frequencies. 
We expand y in terms of a complete set of eigenfunctions, 


ye= > Apus (2), [3.8] 


where z is a four-vector (v°=?t, z4=it), and normalize the 
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(r) S 
wu, according to 


| >a, ts ar —on. [3.9] 


@ 


This is possible since the conservation law for the current 
which follows from Eq. [3.7] guarantees the time constancy 
of the integral in Eq. [3.9]. As proof, we consider the adjoint 
equation (where the arrow indicates that differentiation 
acts on the left) 


< 


_ 6) 


and form the sum of pw times Kq. [3.7] and Eq. [3.10] 
times yp: 


ply” : -- + ply’ @ —m) == (V 
y Uf On” m y y Y On” a : 
We obtain 


07” 
= wlll 
ara [3.11] 
where (with an arbitrary constant C) 
v= C-py’y. [3.12] 
From this it follows that 
Cues 
— (Pf d*e—0. Eee 
at | 7° dx Q.E.D 


Remark regarding the adjoint equation: The y” are to be 
Hermitian; that is, 

y=, (Yap = (Y") pa « [3.13] 
Here, the Hermiticity of the y” is to be valid in the coor- 
dinates 2’, «’, #°, w*, that is, with the imaginary time 
coordinate. Since not all of the four coordinates are real, 


the sign of the term with x, must be changed when form- 
ing the complex conjugate of Eq. [3.7]: 


0 
mer v4 +2 ag yi t+myp*=0. [3.14] 
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If we multiply with y+ from the right, then, because 
yy*=—y"y* and with 

ptyt=*p, [3.15] 
we get from [3.14] 


Furthermore, 
j= C (yy) = C (p*y) = 79". 


Since j° is to be the electric charge density, we set C = ie. 
Thus, 
y= te(py’y) . [3.16] 


We will now quantize the amplitudes and, indeed, since 
we know empirically that electrons satisfy the exclusion 
principle (there is also a theoretical basis for this ?), we will 
follow the scheme given at the end of Section 2. This 
invention (by Jordan and Wigner *) is very useful although 
its physical meaning appears to be obscure: the sign of an 
expression in the amplitudes becomes dependent upon the 
numbering of the normal modes. 

We therefore expand 


vo = > A, ug” (#) 


Yo= dL Arug (a) | [Sagi 


Pe = > Ar tiy’ (a) 
and for the quantization we demand that 


A, Al eA; A, 
? 


3.18 
{4,4} ={4!, A} 0 i 


*W. PAULI, Rev. Mod. Phys. 18, 203 (1941). 
*P, JORDAN and EK. P. WI@NER, Z. Physik 45, 751 (1928). 
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Because of the completeness of the system, 


| Pir > ALAS. [3.19] 


If we now interpret AD A,as N,, the number of particles 
in the state u'”, then i 7° d’x/e is always positive. We there- 
fore obtain a theory with only positive numbers of parti- 
cles. By dividing the states into those with positive and 
those with negative frequencies, we can also construct a 
theory which describes electrons and positrons (see Sec. 4). 

We first proceed to a generalization of the completeness 
relation. In nonrelativistic form this relation is 


2 wax )ug*(x', t) = b.209(x — x’). [3.20] 
We can, however, free ourselves from the assumption of 


equal times. If we set (x,t)=a and multiply Eq. [3.20] 
by y*, then we can write 


> We (L) Ug (aw) = — iSag(@— x"). [3.21] 


Here S is determined by the properties 


Sap(x— x’, 0) = i(y*)ap0%(x— x’), [3.22] 
0 Q 
(y +m) s=0, 8(y<;—m)=0. [3.23] 


That is, S is that solution of the Dirac equation which goes 
over into iy463(x— x’) for t=0. This suffices to determine 
S uniquely, since the system of the Dirac equations is of 
first order. The determination of S can be reduced to the 
solution of a differential equation of second order. Because 


{2 Q 
(v & +™)(r55—m)=0-m ; 
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and if A(x) is defined by 


(LI) — m?) A(x) = 0 
A(x, 0)= 0 


3 , [3.24] 
(a), 


S(x) = (y = — m) Ato , [3.25] 


From the definition of S(z) in Eq. [3.21] and from 
Eqs. [3.17], [3.18] it immediately follows that 


then 


{ya(x), Pa(x')} se ae 18 .p(% — x") . 


[3.26] 
4. SIGN OF THE ENERGY; HOLE THEORY 


The quantity 
(r) 
a | yon Oe atm [4.1] 
ct 


is constant in time for the same reason as is the charge. 
That is, 


ee Ou — rc) , 
Ey = — fz ues Ane dsa = 0 (y-5. +m) w Ur be 
the diagonal elements of which are constant. We now 
choose the u“” so that E,, is diagonal: 


Ei, = 944° Wy Er 5 o,>0, eé=+1. [4.2] 
For every solution with ¢,>0 there exists one with e,< 0. 
The «, classifies the states according to positive and negative 
energy. For example, for plane waves, 


= +1: ul Om. 


_ exp [i(k,» x — o,t)], 


e—— 1; eo = C" 


exp [i(k,-x + o,t)]. 


Quite generally, any regular function of time y(t) (which 
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vanishes sufficiently fast at infinity) can be split into a 
part with positive and a part with negative frequencies by 
employing Fourier decomposition. This can also be accom- 
plished without a Fourier decomposition as follows. One 


defines 
1 
vo= so. fue—en 
ae: 0) [4.3] 
vO =— 52 {yt er) S 


Cy 
Figure 4.1 
This is based upon the following: 
al : dr exp[— it] ; dt 
es exp [—iw(t— et) ] Ss ee exp [len : 
Os. 0, 


Evaluation using residues yields: 

for w>0, the path must be closed in the upper half- 
plane to ensure that exp[iwet] remains bounded 
for large rt; 

for w<0, the path must be closed in the lower half-plane. 

Thus, 


3 ; dt J exp[—itwt] (w>0) 
a; A eed Ua Ur aeaiie 


Then, 
yt(t) +y (t) = pli). [4.4] 
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In addition, 
see d 
i(v— vO) =~) =—F vit er) — , peste 


where FY is the principal value defined on the real axis, 


+a —é +0 
P| Ho di = lim | fro dt +f ar ; [4.6] 
—-o —o +€ 
With this, therefore, 
v= dig ty) 
sel [4.7] 
yp = (py + ty’) 
Correspondingly, one can make the separation 
a ies At= }4(4F1A}); [4.8] 
S=St++S8, S+= 3(S #78?) . [4.9] 


Hole theory is symmetric with respect to positively and 
negatively charged particles. It is obtained by setting 
APA N, | A, AlN 


0 )) 
ae N, | io My eA, 1 — one | | one wie me 


that is, 
APAS,=0, <AATyo=1, (e>0) | 


: ) 
Ato 1, —eeo, (eno) | Goad 


Here, <>, represents the expectation value with respect to 
the vacuum, which is defined as the state of lowest energy. 
That the state so defined is really the vacuum can be shown 
as follows. If H denotes the energy, then 


Tex fv Sate = Sore,d Al Ap Sole > welt > om 
ot r,e,>0 F,8,-<0 fT ,€-<0 
Therefore 
1h PE Dit. [4.12] 


7 ,f-<0 
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The second term is. a (divergent) constant. The minimum 

of the energy occurs at N,=0. That is, the state of lowest 

energy and the state without particles are the same. 
With Eq. [4.11] one easily finds that 


(Wa(X) P(r") >o = — 18Sp(a — a’) = 4(— iS— S8}),5 14.13] 
Pp(L") Pal@)>9== — Saga — x) = 4(8'— 18) 6 , 
From this we obtain 

([palx), Pe(@'))>o= — Sip("— 0 eee * [4.14] 


5. CONSTRUCTION OF THE INVARIANT FUNCTIONS 


In this section the functions A, A’, etc., defined only 
implicitly until now, will be explicitly constructed. We have 


Ae) sap | (xP [i(k- x — wt)] 


— exp[— i(k-x— wt)]) : [5.1] 
where w= + Vm?-+ k?. 


Proof: 

A(x, t) = +A(— EN a er 
A(x, t) = — A(x,—1t). 

Thus, 

0A } ; 

a 2 ell iw) (exp [i(ke)] +exp [— i(ke)]) = 

(kx) =kh-x— at, 
oA leas 


Therefore, A possesses all the required properties. Other 
representations are the following: 


A(x, t) = — (55) fexw [tk-x] sin wt — [5.2] 
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and 


Ate) = — conn | % [i(ka)]e(k) 6(k? + m2) d4k , 
k?=(kk), = [5.3] 
where 


Proof of Eq. [5.3]: 
pra. ky) O(k? + m?) dk = [og — w?) F(k, hy) dky . 


If f(2) = 0, then 


Thus, 
1 
fous — w*) F (ke, hy) diy = dw [F(k,m) | F(k,—o)], 


and this reduces Eq. [5.3] to Eq. [5.1]. 
If we separate positive and negative frequencies, 


Ati= = any [OP x oly, - 


; ae? [5.4] 
Ane) — ‘amp | OP [i(k + wt) 5 
we obtain : 
. Lee : 
Ate e=a(At — A)= (=-) [{(exp [i(k:-x— ot)| 
d3k 
+exp[- i(k-x— ot} 5— 
- [5.5] 


1 \3 : dék 
= (=) i exp [tk- x] cos wt a 


= (;-) ‘exp {i(ka)]6(k?+-m?) dtk 
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Note: In Eq. [5.3], although e(k) appears to disturb the rela- 
tivistic invariance, ¢(k)d(k?--m2) is again Lorentz invariant, at 
least with respect to Lorentz transformations without time reversal 
(kg > — kp). 


We define another solution of the inhomogeneous wave 
equation: 


(O — m2) A(a) = — 64(a) . [5.6] 
This does not yet fix 4 uniquely. We fix J by the relation 
5 js J 1 to 
This is, in fact, a solution of Eq. [5.6]: 
- il oe. 0A pul 
0€ ; 0€ . 0& : 
_— a. eee 
olalaeee 9 cae Ue, 
(ea) = 3 | era a dak + 29%, 
Oat ol ot oe 4 ‘ 
2 
(Oe) A= — ao = — 20'(t)A = 4+ 26(t) A =— 204e ie 
this results in 
(O— m2)A = — d4(2) . QED: 
Note: It is true that 
A(—a) = + A(x) . [5.8] 
Furthermore, 
A(x)=0 implies A(x) =0 for |x/t>e, 
since 
OA 
A ’ = : ae ae ; 
(x, 0) =0 | ~ \. 63(x) 
and since A is an invariant function of (a, 2) a ay 


(On the contrary, 41 is, in general, not equal to zero for x?> #?.) 
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Here A is uniquely determined by the properties 


ik (O — m*) A(x) = — 64(2) ; 
2. A(x) = 0 (44>); 
32 A(x) = A(— a) . 


This is true because of the following reasons: .! is deter- 
mined by property 1 to within solutions of the homoge- 
neous differential equation. However, additional terms pro- 
portional to A! are excluded by property 2%, while terms 
proportional to A are excluded by property 3. 

Additional solutions of Eq. [5.6] are the advanced and 
retarded A-functions: 


Retarded A-function: 
Aten — 14 — — 4 (1 +e)d; 
Advanced A-function: 


A*’ (x) = A + 4 A= +4i—e)d = A™*(— 2) , 


We have 

—A(z) t>0 

Ae (a) — 
0 t<0 

[5.9] 

, 0 t>0 

A*** (x) = 
+ A(x) t<0 


For the construction of these functions see Schwinger + 
and Section 13 of this volume. 
These functions serve to solve the differential equation 


(LU — m?*)g(x) = — f(x) . [5.10] 


“ J, SCHWINUER, Phys. Rev. 74, 1439 (1948); 75, 651 (1949); 76, 790 (1949). 
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That is, 


Pret(X) =| 4 — a) f(x') ata! = -[4 (x — w') f(a") data’, 
Paar (2) =| “av (a — av!) f(x) d4a! = + [ate — a) f(x") dtr’, 
1 >t . 
p(x j= 5 (Pree + Paar) =|re A(x — x’) da’. 
We have a 
Ala) = }(A"*(@) + A“ (a) er 
A(a) = A**(~) — A™*(x) 
Without proof, let it be stated that 
] 
a qo — J,(mvV A) —— aa A=— (xx)>0, [5.12] 


04 AO). 


For m= 0, A is different from zero only on the light cone. 
A representation for J in momentum space is 
= 1 \* [exp [(ke)] ., 
= |— = Atk 
Ate) i A k2 +m? ‘ 
Here, F represents the principal value with respect to ky. 
It is easily verified that Eq. [5.6] is satisfied. 
For a first-order pole, the principal value can be defined 
in the complex plane as follows (Fig. 5.1): 


of to lf ff) Oe ie me 
a z—a Z— 4 


See. 5 | CONSTRUCTION OF THE INVARIANT FUNCTIONS WW 
Now, one can form 


A (a) = A!— 214 


a [i(ka)} ag 00 (k? +. m?)| atk 
“Cay ime em) [5.13] 
-an |e [i(ke)] atk 
(2a)* kh? -+ m? 
— 


Figure 5.2 


where the path C is defined in Figure 5.2. Following Hei- 
senberg,’ we define 


: ( wie + ind(K? +m?) = 6,(k?-m?). 


Qi k?+m? 
Furthermore, 
Ac= 2iA+ (t>0), outgoing waves 15.14) 
,Af=— 2iA~ (t<0), incoming waves 


This function appears in the following context. We had 
Kq. [3.26] and Eq. [4.14], 


{pa(x), Pp(x")} [Sa 18 a3(2% — x’) ’ 
([yal%), P(e’) >o= — Sap(x are) 


5’ W. HEISENBERG, Z. Physik 120, 513 (1943). See also P. A. M. Dirac 
Quantum Mechanics, 2nd edition (Oxford: Clarendon Press, 1935), p. 200. 
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If, following Dyson,*® one defines the chronological or time- 
ordered product, 


P(A(2) B(2')) = A(a)Bla') for t>t! 


» Losi 
= B(a')A(v) for t<t#! 


or 
P(A(x) B(x')) =4{A(a), B(a')} + $e(a@— a’)[A(a), B(x')] [5.16] 


(this is not an invariant definition), then it immediately 
follows that 


<Plpa(%), Pa(@"))>oe(@— x) = — $S8oe(e@— 0"). [5.17] 
For the physical significance of A°, see Section 28 (for 
m= 0). 
6. CHARGE-CONJUGATED QUANTITIES 


We return to the Dirac equations, [3.7], [3.10], [3.16]: 


3 {3 
vd +nlvae, o(-e—n)ao, 
j' = te(py"y) . 


From » a new, so-called charge-conjugated, solution of 
Eq. [3.7] is obtained by forming 


ane oF, 
2 [6.1] 
La Om 
if 
ya — Cyt C [6.2] 


is valid for C, where the transposed matrices y"? are de- 
fined in [3.13]. 

Such a C exists since there is always a similarity trans- 
formation which leads from one matrix system to another 
if both realize the same algebra. 


‘FF. J. Dyson, Phys. Rev. 75, 486 (1949). 
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Because of the Hermiticity, 


(sear = (y*)'; 
we can prove that 


0 ; 
Since 


is the same as 


then [6.2] implies 
rs) 
—— Om! — — — ii 
C 1 = m) 9 0, ( a tm) OF 0.7. Q:E.D, 


One easily finds that 


CC 
: [6.3] 
C= —- 
In the presence of an external field, the Dirac equations 
read 
eee %,| +m)yp= 0 
iN Gge ae a" 
5 
p (» + ieat,| —_ n) == (l) 
Thus, 


and with [6.2] 


© : ie 
(y (sss + icf) + n) C=, 
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that is, y' satisfies the same Dirac equation as p except 
that the sign of the charge in the external field is reversed. 
In the field-free case one need not distinguish between 
and y’. 

In a c-number theory, the current is given by 


j'(@) = te(py*y) . 
We form 
j*(2) = te(p'y*y'), yw=Co, w=—yC, 
so that 
j (ae) = — te(pOy" Ch) = te(py*?p) . 


In a e-number theory, therefore, 


, 


j*(a) = f*(@) , 
which is unsatisfying. 

In a g-number theory, because of the quantization ac- 
cording to the exclusion principle, we can do something 
more satisfying. Following Heisenberg, we set 

jt = gte(py’y — py4?p) = — 2te[Ya, Palypa- —«([8.4] 
Quite generally, for any quantity, one should write 
ply > (ply — pFp) =— dpa, Pellea- [6.5] 
Then, 
7 te =] t ! —/ * 
PINE) A A ae ae aR [6.6] 
If one expands, 
Wo(2) — > A,ug (x) ) 
where 
{Ay ATO es:5 (AgAy =a As 0, 
Cay Anse 6,6(1 a &,) ) 
AA 6,.(1— &) , 
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then the total charge is 


, {pao : vit A= StHwy FPS ae 001 


r 


The vacuum expectation value of the commutator in 
Kq. [6.4] is not well defined because of the singularity of 8’. 
If, by definition, one sets 


(pal), Gala)] = lim Alpalee), Galo’) pale’), Gala}, — [6.8] 


then 
Goo=0, [6.9] 
as it must be. 
In addition, it is true that 


S2(— x) rT 7/81 (a) 


C41 8 (—2) |C}=[8 () J; [6.10] 
s(n) S°(x) 
that is 
Cae Soa(— L) Coa = ap(2) 
fa Sia(— ©) Coa= — Sip(x) }. [6.11] 


C5. Seo(— x) Coes Sa Sxp(2) 
Furthermore the above imply 


{pa(@) ; Paw j= a {pa(x) )y Pal v’)} | 


: 6.12 
(p(x iF Pa(x' WDo= <lyalx), Pe(x’)]>o | 


Chapter 2. Response to an External Field: 
Charge Renormalization 


7. VACUUM EXPECTATION VALUES OF EXPRESSIONS BILINEAR IN 
THE CURRENT 


We have 


or, more exactly, 


M0) = — 5 (pal), Gale) yh. 


Note: This rearrangement has only the effect that <j"(x)>)= 0, 
and has, therefore, no influence on our calculation. 


We wish to calculate the following expectation value: 


Roa (<)> == C2 Pa(L)we(@) Po(x' )PolX')>oyap Yoo 
=i C2 Pa(X)Po(X’ )>o< Pax) Po(X')> oY ab oa . 


With 
S” = 3(8+18)) , 
St+ = 4(S— iS), 
<Pal%) Pa(@')>o = — tSap(a" — a’) , 
<p_(a@ ‘) Wa(@)>»>= — iSop(e%— x o) ; 
we get 


<j" (a) 9"(@'>o= + €? Sea(a'— x) Sho(x— @') ye py to 
= + e Tr {y"S* (2 — 2) y’S-(a'—a)}, 
<P (2')G'(H)>o= + €? Tr {y* 8" (a— 2’) y’S*(a'— a)} , 


22 
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and 
£{94(@), 7°(@')} > 
= : Tr {y“S(a— x’) y’S(a' — 2) 


+ y# §1(a — x) y” $3(a'— ax)} 
Tosl 
ELM), 7(@")De at 


ter 23 / Y O1/ ml! 
= Tr {y* S(a@— @')y" S(a'— 2) 
— y! Sia — x')y’ S(a’— x)} 
Upon employing the useful relation 
Te (pty yy?) = Gur8o0— Sue Sra + Suc Ove 5 p72] 


one obtains 


KK{G4(2), 72) Po= 


a 0A(a— a’) 0A(x'— a) 
Oat On" 


OA(x — 2’) OA(x'— x) OA(a— x’) 0OA(x'— x) 
ie | 


; Ox” Oa’ Cx Ox! 


— mA(x —2') A(a'— ») +(A 4») ‘ 


We write 

G94), P(C)Po= e*Kywlo— x’), [7.3] 
where 
a 0A oA 0A\?2 
Tein) eg ap | on a) m 44) 

OAL 0A} oA = 
aaa w+ (Sey + mesa], [7:4] 

Analogously, 


£<[j"(x), (2) Do = — te*K,, (4 — #’) , [7.5] 
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with 

oA0A!  dAtoA 
Kut) = 24mg aes | Agee 
opos’  CEMOE 


1 
soapy ex CAPA. maa. 


Of CE 


Transition to Momentum Space 


We set 


Kyle — 2!) = el | exp [ipa —a')] Kyo(p) ap 
Ky(p) = | exp[— ipa] Ky»(a”) d4x 
Furthermore, 
Ate) =— Faas J exp fk }o(k) A(R*+ m*) ask, 
a = ell | exp [ika']6(k? +m) dk . 
It then follows that 
Kyw(p) = — (s-) 


[cee me 8((k— p)?-+ m2) [1 + elk) e(p — k)] 


| Chap. 2 


[7.6] 


[7.7] 


‘[—ky(p — k)y— ky (p — k)yp— bo(— (p — kaka + m?)] d4k, [7.8] 


Kw(p) = cn 


[ove +m )O((k— p)* +m?) [e(k) + e(p — k)]-[— kup — kk)» 


— kip — ki)\y— S(— (p — b)akat-m?)] dtk . 


Note: 1. If, in addition, we employ 
e(k) + e(p—k) = e(p)[1+ e(k)e(p—k)], 


then we Ree hat 
Ky,o(p) = te(p) £,,(p) - 


[7.9] 


[7.10] 


[7.11] 
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2. It is easily verified that 


OK» 
Yv=0, [7.12] 

Oa” 

OK wy 

- = (0), 13) 

Ox” 


by using the fact that A and A! satisfy the homogencous differ- 
ential equation 


Oy . 8A dA wey C4284 84 4, 24 
Oat ae Oaedat ms Oat 


—(the same expression but with 4 replaced by 4!) 


on” detda” da” 


X 


=2(0 atyhee 2(C] me A =0 Q.E.D 
— Oat" Ane . eoBhse * 


A similar expression appears in the vacuum polarization 
in the presence of an external field (see Sec. 8): Define 


hela — 2')<[54(@), 7’(@')Do= + te?K p(w — 2’) 


Kyuy(" — a’) = e(x — &') Ky(@ — x') [7.14] 


Assertion: ¢ can be taken into the differentiation; i.e., K,, 
goes over into K uw if A is replaced by 2A, that is, accord- 
ing to [7.6], 
- 04041 0A! 04 
aé) = 4 ee 1 a 
Ky (&) o oe" ge ae” 
oA 0A 


taaleaeaee | . [7.15] 


Our assertion means that 
Ce 0A1 0A! Ce Ce 0A! 


/ —— A — 6,,— —A=0; 
Ox" Oa” § Oat du” Ses Cae Cae = : 
that is, 
‘eel vase em 
by,0(t — t')A a +6,,6(t— t')A = Cnet ) agi 4 =. 


Now, however, A(x—x', 0)=0, so that one can. with a 
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certain amount of justification, assume this equivalence; 


it is only at the origin that it may not be valid. On the 
other hand, 0K »/0x’=0 is more critical. Since 


then 
OR. 04 a 0A(a) 
eo og ee 
Now, since 
alt 
Hs Sa oe) +o log | (xa)| +f r(x) 


is the expansion in the vicinity of the light cone, where 
f...(—4) is a regular function of A, then 


0A} 7 A wt 
x me a 


Oat ate 703( var)? 472 (aa) 22" frog (LD) . 


This, therefore, does not vanish at the origin. Thus, 0K lOO 
is indeterminate. 
In momentum space 


_(1\*, fexpli(pa)] ,, 
a=(5,) | ptm oP 
so that 


sy (1\8f 8(k2 ma) 
Kw(p) = lel ee k)?--m? = Ky (p —k),— ky(p = k), 


— 8(— (p—k)aka+-m)|d%ke. [7.16] 


Finally, one can also consider the kernel 

<P(j"(a), 7'(@'))>o= C2 KE, (2 — w') . [7.10] 
Then, because 
P(A(x), B(x')) = }{A(a), B(w')}+ he (a — 2’) [A(a), B(a')], 


one obtains 
TG ae = Ki ake. [7.18] 
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Furthermore, we also have 
1 . ‘ 
Ki Ax ~a a’) sr e2 CP(j*(x), Ui a Be 


= YapYoo’ P( Pals), pols’) (7 = 0") 4g 
-<P(Ya(2), Pola’) E(x — 2"), 
= Tr {yt s°lr — r')y"8%(ar'— 2); 
hence 
» 04° 0A? eA’ 0A" | 


0 1 fs} ‘ € 4c 
Kiw 2 crt cr” ie cre Cu 0 a “i 


which, because 4°=/'— 2iA, agrees with K,,; i, 


the note below.) 


We get 
OKS, Cy oA° 
_ = 26 u (2 —wnepet? - wes or) . 
Ox Cr ona 
Here, 


ye ii 2" | ee 
p= (aan | i? seat — ips? 


and, in momentum space, 


: 4 [ 1 J 
ek) = ae v3 


(270)* me? — tn? (k— p)? -m?— ie? 


ai, 


[7.19] 


(See 


-[- hyp — k),— ky(p — ie Db ur{— (ja ky); = m?) | aa. 


Note: 1. Formally, all of this looks very nice; however, upon 


calculating one finds that 
Kiet Ry t iB o « 
For example, the real part of Ky, is 


ee (4 &A cA gs Aa 4 AA . eas 
2e = —+m erms in 4}, 
‘as Oak Oa" am ane hae 
while 
ie oA oA 0A 0A E 
Fe _ ur { — —— — m?i4|)+terms in 4}, 
ax” dat Ox? daze 
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and these two expressions differ in terms of the form 


Ge Os A Oe oa Ge OA y 
ae |\aee | Veer eee eat ae) 
— dy, * (corresponding terms) . 


Now, we have indeed postulated that (d¢/dx”)A =0, so that 
from S = —}e8 and S=(y(d/ex)— m)A it follows that 


= 3 = 
= Larva Ar 


However, the expressions (de/dx")(OA/Ox’)ed are obviously of 
the type 


64 Sy, *(2) A = A(0) , 


which is singular. They are, therefore, indeterminate. This dif- 
ficulty arises from the fact that initially it is always postulated 
that (d¢/dx”)A = 0, but this may not be used here since this 
quantity is multiplied by a singular function. 

Such difficulties can be removed with the regularization pro- 
cedure of Pauli and Villars,1 a formal procedure for avoiding 
divergences. One sets 


N 
(Kyo(x) Veg = > CK yy(%; Mj) ’ 
i=0 


where 


and, at the end, one lets M,;— co (i40). The physical expres- 
sions then become finite, and difficulties of the kind mentioned 
above no longer occur. 


2. The oe is, however, somewhat peculiar since Ge is entirely 
regular and is replaced by a singular quantity when Ki is used. 


1W. PavuLi and F. Vintars, Rev. Mod. Phys. 21, 434 (1949), 
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8. VACUUM POLARIZATION IN AN EXTERNAL FIELD ? 


In the presence of an external field “/,, the Dirac equa- 
tions read 


(» tm) (x) = iey’ A, (x) y(a); 


p(x) (y a i= — iep(x)y"A,(2) . 


If one introduces the expansion 


p(x) = pa) + ep(L) aes 


where y”(x)—>0 for t+—oo (n#40), and where y” is a 


solution of the field-free Dirac equation, then for y™ there 
follows the differential equation 


(» Ox 


With the help of the Green’s functions 


ep — rey” Ap fs 


S=— S295, S— Sais, 
the solutions are 


ey = ie| Set(a a x')y’ V,(x’) p(x’) dtz' 


[8.1] 


ap = = ief(2"V7odala' Se (2 —2) dir’ 


This can be easily verified by substituting into the differ- 
ential equation. We get, for example, 


0 ra 0 - 
vm) [rE m)(oZ—m) a 
A 


*G. KALLEN, Helv. Phys. Acta 22, 637 (1949). 
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If the expansion is substituted into 


: ae b 
j'(@) = — = [pal%), Paw) lyag , 
then 


PENN = (tye) Be (@)] + [ye(”), Pe(@)]) yap » 


and, with Eq. [8.1], 


LEU (12) DN 5 = | sate Er {yt Sret(ac — x')y’ S3(a”'— a) 

+ y# Sia — a')y” S4"(a'—x)} dix’. [8.2] 
Here, if S** and S**” are replaced by the expressions with 
S and S, upon explicitly calculating the trace one obtains 


je (2) 9 = | Kol a’) — Ky,(a— a‘) f(ar') dita , 


1+e(a— 2’) 


; (wc!) de! . [8.3] 


Gta) Yu = i CEH), #*(@')De 


This method does not employ the concept of energy. It 
will prove to be convenient in the treatment of spin-zero 
particles. 


9. PARTICLES WITH ZERO SPIN 


These particles are described by means of a complex scalar 
field ® which satisfies the differential equation 


(I — m?) O(~) = 0. [9.1] 
In the c-number theory, the current is written as 
aeeoos ODipxs 
jp aie( SS O- "), [9.2] 


for which 0j’/ox”’=0 follows. 
Let ® be expanded in terms of a complete set of eigen- 
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functions: 
P(x) = F A,u'(a) , [9.3] 


where, for example, in the case of plane waves, 


0, =+VE Emi, 
k=-+o. 


u(@) =< 


it 1 
Jaa exp[t(k,x)], 


Then, the charge is 


Ps : our” ou 
é = | rate Cre ie| ( Ano ur = uw | dav = ce, 6,4 


and the energy is 


our Cu oun ou” 
ie i , 2a (7)* 44 (8) | G3 — a ee 
i a oe ae Jato = ue 
(These last expressions are valid if we make E,, diagonal.) 
One recognizes that here the energy is positive definite 
while the charge is not. The following completeness rela- 
tions hold: 


> w(a)u* (a) e, = tA (a — 2’) 


[9.4] 
Dd wa) u*(a') = AUe—z') 
= 
For quantization, we must invoke Bose-Einstein statis- 
tics, i.e., we use the commutators (instead of the anti- 
commutators, which were used for spin-} particles). We 
see that we can proceed without difficulties only if we set 


‘[A,, At] = e, 5, 3 [9.5] 
16. > A} A,=N, (2,0), 
A, A} =N, (e.< _ 
ie At A,=N, 5" + (N, yh ee 
* ease 
A, Ay = iN. on an 
[9.6] 
isi 


A, At = N, + —— 
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From this it follows, then, that 
[D(x), O*(x')] = tA(e@— 2’), [9.7] 

<{D(x), B*(2')}>9 = ANe—a'). [9.8] 
Note that here ® and @* can be freely interchanged: 
[D*(x), D(x')] = [D(x), B*(w')] = 1A(a — a’) 
({D* (x), B(a')} >) = <{P(x), B*(a')} 9 = Aa — a’) 
Consequently, charge conjugation becomes very trivial here: 


(iY Eo | 


. [9.9] 


9.10 
al [9.10] 


Thus, even in the e-number theory, the current changes 
sign under this transformation. In the q-number theory, 
one must first symmetrize appropriately : 


vjn\ _ 16 [ [OD* ODF iy 
) (7) = 9 ({Z.o}- fe D ne [Outa | 


where {A(«), B(a)} is understood to be 
lim. 4({A(2'), B(x)} + {A(z), B(a’)}) . 


Then, j’(x)——j"(x) even before the limiting process, and 
thus 


P(#)>0 = 0.- 
Note: In analogy to the c-number theory, the energy would be 


OO* 0H =dH* BD 
jes ( 4+ ——:— + m?26*6) dx [9.12] 


da® ax? Ox Ox 


l—e 
=o,AtA,=Yo,(x,+ 
; 7 2 
in so far as we may set Seo; or, had we taken the anti- 
commutator above, this would become 


E=) (N,+4)0,=)0,(N; +N; +1). 


For electrons we had 
E=o,(N;+N;—1), A=1,2. 
r,A 
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One can ask whether these zero-point energies can compensate 
one another. We have 


E, ts 
inO: —=(—) /Vk*4 mak; 
spin V (5) + m? dk; 
E, 
J 


1 \3 ——— 
—2 (5-] [ve +- m? d3k; 
2n 


where the masses are, in general, 


different. 
we must calculate 


For compensation 
K 


KE 2K 
pe ka Vike + m2 dk = — bemeKe— og = + Te 


k) 
0 
We see that the compensation requirements are 


ie number of kinds " e, number of kinds 


spin-zero particles of spin-} particles ): 
i.e., 


Zy =22,. 
Furthermore, 
¥ (ms)? = 25 (mp? 
% (eng )* = 2 (mnt 
> (mi) log mi = 2 >a (mi )* log my . 


These requirements are so extensive that it is rather improbable 
that they are satisfied in reality 


Some additional formulas are 
P(x) B*(x')>y>= <D* (x) O(2')>o 
= $(4!+id)(@— 2’) 


= +if*(@—=2') 
(2)>9= <P(2') D*(z)>, 


<P*(x') ® [9.13] 
= 4(4!— iA)(@— 2') = — iA (x— 2’) 
(P(G*(x) B(x'))>9= 44°(@ — 2’) 


Remark concerning the current: 


In an external field .:7,, 
an additional term must be added to Eq. [9.11] in accord 
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ance with the general rule 0/dx"*— 0/ou"*+ ieA,: 


way te ({O®* #(n) °2 
pees 5 (aoe ee] — (ore, 5) 
— 5 ,(0) {O(0), B(w)}. [9.14] 


The continuity equation then remains valid. 

In forming the vacuum expectation values of expressions 
bilinear in the current, one has to form the vacuum expec- 
tation values of expressions such as 
OD* (ax) OD* (x) 

Oat Ox"? 

Here, one has again only to take pairs of fields with different 
variables 7 and x’ and thus can omit the anticommutators 
(compare the spin-} case): 


Cie(e)f?(a")>e =— 0 (COE ) Bla wi? % a 


D(a) D(x’) 


oa” 

pe -, ar), P@) O° 
is! OoD(a 

— 0 (22 arian) (1a) 200 


eo 
: (eae SE) Or) le')>s + 016%), 
OAt+ OA+ #At 
Ox! on” § dada” 
If one drops the O(e?) terms (which is equivalent to setting 
&é,—=0) and defines 


Pa) P(2')o= 2e+(— 4+) + O(e8). [9.15] 


3 ({j"(@), 7"(@")PYo= CL — 2") , [9.16] 
3 C[i*(a), 7'(@') Do — te* Lyla — a’) , [9.17] 
then 
ray 1/041 04! d4d0A 0741 ’ 024 
Ly) = 5 (Se OP amar agvae 4 | Tod [9.18] 
OA 0A! OA OA 
Tag) = lee ae oe gH Oe” 


ill [9.19] 


eS ae 
aHogy  OROE) ” 
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In analogy to Section 8, we can also calculate the vacuum 
polarization in an external field: 


=O 4 G1 ,.., 


pe — fon > — co, 
(0 = m?) Do — 0., 
5 ; ee OD (x ) 
DY (x) = — ie} A,(ax’) (4 (¢— 2 = 
ret (> __ 
0A — a") P(x w)}d eae [9.20] 
Thus, 
‘i o@* oe ODD opus 
=—" = dae 0 i. {o < | +{ ae ! 


aC) if 
" tae a ) — 5 ett, {O", 6}, 


2 am OD (x 
Mer | of sa ie ie SS ay) 
ee ag 
0 
OA" (2 — x’) Shadi ) 
a (Oe Sa) 


C27At(a — x) 
_ Crt oa” 


OAM (a= ') /(OGO(a') 2. 
Oat ( on’ ¢] @ a} 


({D™ (ae), BY(H)} >. 


C2A4rt =a * ” , 
E ae a ——_ (2')}>o 
opo* ' Cm) 
bam (ea) (Re ae) 
oA(a— a! x ") i OD (x) 
es ({oore ae \) 


— byO4(x — x') <{B* (x), B(x’ a d‘x' . 
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If one substitutes A™'=dA—4A, then it is seen that one 
can write 


imal | (a0!) [fp (a), 7” (a!) )>o dtr’ 


— of tod Ly(w— 2’) d ‘a’, [9.21] 


where 
= oA 0A! 040A! 
LAE) = — ( je 1 Bg Bee 
= 024} | ' 
a OEHOE” — AT eno byv0%(E)A . [8:22] 
Note: 1. Lyv(§)4 £(&)*Lys(€) « 


2. One can define 
Ue, = Ey, +4L, 
However, it is again not true that 
<P(j# (x) 9" (e'))>o = Lax — 2’) , 
since L,, ~ eL,,. On the contrary, 


5 (age OA: Ao + 246%) AME) 6 19.23 
— a mili i 
oe oe = age” e 
3. The quantity sts, should satisfy the continuity equation in 
order that gauge invariance be satisfied. A calculation shows 
that this is not so. 
In Section 7 we had 


Liw(§) = 


oa. ee [9.24] 
Ox” Oat 
Correspondingly, one finds 
STE Papig\e [9.25] 
Ox” Oa 


4. Mixtures of spin-0 and spin-3 particles (Rayski, Umezawa °). 
For the case of equal particle masses, the presence of twice as 
Many spin-0 particles as spin-} particles suffices for the com- 


* J. RaysK!, Acta phys. Polonica 9, 129 (1948); H. UmMezawa, J. YUKAWA, 
and EK. YAMADA, Progr. Theor. Phys. 3, 317 (1948). 
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pensation of the indeterminate expressions of [9.24] and [9.25]. 
For different masses it is sufficient that 


Ny = 2N, 
iy2 _ é 
> (my)? = 2 (my 
These conditions are contained in the conditions for the com- 


pensation of the zero-point energy (see p. 33). For different 


masses, since 
0A} ah , a ee 
—— ~ —_ y2-__ 1 ux 
oat (aax)® (xx) id : 


the compensation of the second term also yields a condition. 
In any event, it is questionable whether this mixture has phys- 
ical significance. 


5. The introduction of the A¢ functions by the groupings K¢=A +ik 
and L°=L-+iL is artificial heve; it first becomes meaningful in 
the S matrix. As with il artificial singularities of the form 
64(a”) A(#) are also introduced with Lj, 


With 
Lp) =| exp[— ipa} L(x) dtx , 
it is immediately found that in momentum space 
c =) . . 
Ly(p) = — =) [= kidp—k),— kip—*), 


+ (p— B)a(p — By + Kyky— Oyo(k?+2m2 + (p— k)?)] 
dk 
(k? + m*— iu?)((k— p)? +m?— ip?) ’ 


Tee 
Lp) = fi & {(- kup — ay; — ky(p a Kha 
+ (p— k)u(p— k)y + kyky] (1 + e(k)e(p — k)] 
-6(k? + m2) 8((k — p)?+-m?) atk , [9.27] 


Et) ils) ft m —k),— k(p— k), 
ns 
k)y + kyky] [e(k) + €(p — k)] 
a a p)? +m?) d4k . [9.28] 
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Since 
e(k) + e(p— k) = e(p)[1+e(k)e(p— k)], 
we have 
Lysp) = ep) Luv(p) « 


10. EVALUATION OF THE KERNELS K AND L 


The quantities Rk w and lig are related to the charge 
fluctuations in the vacuum. We will now work these out. 
We have 


Eto) = (=) i (k? 4-2) 8((k — p)* +m?) [e(k)e(p — k) +1] 


[—Qhyky + hp py + ky py — Sy» ((pk) — k?— m?)] dk , 


“n i 2 

Lyw(p) = (==) | (k* +-m2)3((k — p)*-+-m?)[e(h)e(p— k) +1] 
"3 [2ky ky — ky py— kv Pu + $Pp Pv) atk . 

For the calculation, we note that the d6-functions simulta- 

neously require that 


k2+ m2= 0 
and that 
p?— 2(pk)=0. 


This is possible for space-like as well as time-like p’s. 
1. Space-like p. In coordinates where p= (p,0), we have 
p’?—2k-p=0. Then, however, 


e(k) e(p — k) = e(— k)e(k) = 1, 


and the integrals vanish identically. 
2. Time-like p. We choose p =(9, ipo). Then, —p3+2p,k,=0, 
so that kk =ipp=+Vk+?m?, and 


‘ e(k)e(p — k) = e(ko)e(ky) =+1. 


Furthermore, k?= }pj—m’ so that p>4m’, or, in gen- 
eral, — p?>4m?. 


a a 
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Now, 
Kulp y= (ae =) -2}6(k? + m2) — 2(kp))(— 2khi + poky]d4k 
1 5(k2 
=e - k? +m?) — 2(kp))[— 2k pol ath 
since 
fei~ gk, 


| Doky = + $po 


under the integral sign. But 


_ 2 ae 1 2 21,2 _1 2a’ 
3 og Gin a 5 Poe) 
so that 
& ie 
Ratp) = (55) J 00k me) 0(p4— 20hp)) “408 + 2m4 ash 
Furthermore 
EKu(p)=0 
La(p) = 0 


(because K,,, p,=9, Ly Py=9). 

For an i al io system, we have yet to insert 
(DP. P,—% yy P*)/(— p?), Since, in our coordinate system, this 
becomes 1 for ail aes and 0 for z=v= 4. Thus, 


‘pr D) = (55) fours mi?) 6((k— p)? + m*) 


DIE 
v9 Pao Oey ae a p? ion ae 
— ip: Le 


The sign of k, is fixed (ky=p,/2). 


| Chap. 2 
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40 
By using the fact that 
0(z— =~ 


d(f(z 2))= 2 |f'( 2y)| ? 
where f(z,)=0, we get the following 
foc + m?) 6((k— p)? + m?) d4k 
a eA d#k 
=— 2V k2 2 — 2k. =i ; <a 
far +-m?| Do| Pp Det P) eres 


| 


which for p=0 is equal to 
a kedk 
Ac | 6(20/k? + m2| | — p? 
| ( Pel Po) OW kh? 1 m2 
k2 
=) a 
Viet (2k/(V K+ m?))| pol | x2-a9pmt 
_ 2 ye op 
2 - p 
Thus, 
Ky»(p) i! ee pe 
Lp) 12% jie 
Pu Py— Ouse p? (= p?+2m?) : 
eee Gite p = bp*— m?) fone pan. [10.1] 
K (DP) 
3 =) otherwise . 
Lp) 
Now, we had 
K,y(2) Ap) 
Se =(5 J fexp io oe dp 
Lys(x) ur(P) 
and 
K;,(a) 
tO), P@)}Do 
Ig 
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where the upper part is valid for spin-}, the lower for spin-0. 
Equation [10.1] determines the charge fluctuations in a 
space-time region V: 


b= (( fimterase)’) = ctf ate fare 


Ky(e— 2’) 
: A(x) f(v'), [10.2] 
Ligo(@ — 2x") 
where 
if we V 
sto ={ wey . 


The quantity .7,(x7) is analogous to the electrodynamic po- 
tential. Intuitively, these charge fluctuations are produced 
by the spontaneous fluctuations of pairs being created 
and again annihilated. 

Now, 


2 Ko(p) 
On o= a | Solo) Al(—p); asp, 
(290) Leo) 
where 


ep) =| exp[— ipr] f(a) de . 


Note: This subject was first investigated by W. Heisenberg.’ 


If the space-time region is sharply defined, then the field 
intensities 0.%/Oxv" have 6-function singularities, and the 
integrals diverge. 


Modification: Let 


AL) = A(t) A(x) , 


“W. HEISENBERG, Ber. sdchs. Akad. Wiss., p. 317 (1934), 


42 RESPONSE TO EXTERNAL FIELD: CHARGE RENORMALIZATION | Chap. 2 


where 
, 1 ji <F 
2M =)q IP, 
i Vee |e 
mx) 1 
(2) Vexp[—Als|— RY] [al>R,  ASe. 


Intuitively this means that a force flux is measured over 
a three-dimensional region with a corresponding weighting 
factor, instead of over a two-dimensional region: 


p Bad [airy Bae : 
T>R 
With this, 
sinpoT 1{[1/4+ Rp? 2Ap? ; 
= R 
fern 
+(j =A, poe 
A2+ p? (p? + A2)2 
Estimate: With A> 1/T~1/R>m, that is, d<T~R 
<1/m, one obtains 


Lp) = 


,)e0s pr , 


Qn 0~ AR log > (for both values of spin). [10.3] 


(Heisenberg, on the other hand, considers the case T<b 
< R<« 1/m.) 


11. THE “CAUSAL” KERNELS Kf, AND L?, 


We had 
aT il i 
Keo) = 4(5 =) ferme im? (k— p)? + m2— 
‘[— kulp — ki)» — kup — k)y 
; — by(— (p—k)aka+m?)]d4k, [11.1] 


K8,(p) = Ky(p) + tKy»(p) (formally!) . 


Sec. 11 | THE “CAUSAL” KERNELS Kf, AND Lf, 43 


With 


+1 
: ee | du 
a5 Pa aa, (after Feynman >) , [1 1e2)] 
we get 


+1 
i Kod 
Kiln) = 4-(5-) ale i 
-1 


— Kulp — k)y — kp et ke) —s Ome (— a k)gka 1F m?) 
[(k(k— p)) + dp? + m?— iv? - ((kp)— dp?) ul? 
We undertake to complete a square in the denominator: 
k, = K, +4p,(1— 1), 
ky — py = Ky— $p,(1+4) . 
Actually, this displacement is permitted only if the whole 
expression is regularized. Then, 
denominator: K? + 4p?(1— wu?) + m*— ip?, 
numerator: 2K,K,— 4p,p,(1— 4?) 

— bof K*— $p%(1— ut) + mi] 
plus terms linear in K, which do not contribute, as can 
be concluded from symmetry arguments. Rigorously, this 
is also only true upon regularization. 

We now split up Kj: 
Kev = (Eo) + (Kegw)ar 


2K, K,— Our( K? + $p2(1— wu?) + m?) 
[k? + tp2(1— 4?) + m?— ip*}? 
+1 


_ ef (2K. op 
= 45( 55) awl ax (=F), 


’ 


*R. P. FEYNMAN, Phys. Rev. 76, 769 (1949); Appendix. 
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and 
N= K2 +. +p*(1 = u*) + m?— i? 4 
We have here neglected a term which contains yw? in the 
numerator—this is valid in the limit as uw->0. 
We will show that the term (K/{,),, which is not gauge 
invariant, vanishes upon regularization (photon self-energy ). 
The term (Kj,),, is gauge invariant: 


+1 
1 \4 dtk 
a aa a) = fo- 0!) Ce ere 
=1 
A new grouping with the help of a partial integration with 
respect to wu is 
e,) .= (Kiw)110 ale (Kay) ’ 


ee dei: 
Ci Geay oe =a p> — Ont?) el oe + m?— ip)? ° [11.3] 


The term (K/,)nq is the self-charge. This is seen as fol- 
lows. The current of the external field is 
OF ya C2, 


st4(a) 
2 i — 
ae Ox” Ox" Ox” 


i fe 


In momentum space, 
© Ft) ~ (DuPe— Owe B2) SLA) 
However, the induced current is K,,(p)-V,(p); therefore, if 
K,»(p) = constant: (p,p,— Sy»p?) , 


then this has the significance of a self-charge. 
The remaining integral is regular: 


(ie + DAD po — Ogee) 


chou 


teh (ur) auf 1 ax rl 
27 zl ss N3 : eae 
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According to Feynman, the following is true. If ImL> 0. 


then 
(=) . CL i 
= leo mn--a- [11.5] 


(For ImZ<0, this becomes +i/8Z.) Then, 
Celie + (PuPy— Ou» p?) p? 


+1 


| 1 y] u?— u4/3 d ‘ame 
8\2n bp?(1— wu?) + me ip? Pm ea 


=i 


(Ky) :0e= + (PuPy— Sy» p?) p? 


Analogously, using Eq. [11.2], we obtain 


1\4 
Lpty) =— (5) [deh My 
: [ (kK? a im?)((k —p)i+ m? — iu?) |- 


ap 


1/1\4 
=-3(5} ar |awat,, 


ow | ad 
yl 


*[k(kK—p) + $p*+ m*— it + (kp —}p?)u]-3, 


where 
M ,,= —k,(p —k), —k,(p —k), + ky k, 
(i —h) (Pp —*),—Ogik 2-1 (p— k)*). 


With k,=K,+4p,(1 -u), the numerator becomes 


Mey, = ww Ky er ppm — Om(Out? 1 p?(1 — u?) 2m?) 
+ terms linear in K,, 


while the denominator is the same as in 1 om Upon per- 
forming exactly the same calculation as before, one finds 


Lp) = — 4 (Kpo(p)): fe }(Ky(p)) 110 — (Lye . [1 ] .3] 
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The nongauge-invariant terms can be compensated; the 
self-charge can never be compensated. 


i 
(Lio(D)) roe = — Tg (PuPe— pv “P) 


ell 


aj) fee Ly 11.9] 
P’\ on 1p?(1— u?) + m2— ip?’ ie 


= il 
C5 AGS) pore = 16 (Pu P»— On» -p?) 


wil 


ie See aes du 11.10] 
PU\ on Lp(1— u2) mn we 
ul 


The real parts of K° and L°, that is, K and L, are found 
as residues: 
Real part =izxresidue (Jost and Luttinger‘) . 
There is a contribution only if the zero of the denominator 
lies between zero and one; that is, if 


p? + 4m2 


0< p? 


a 
or if 
pr<— 4m’. 
In this case, for spin-} particles, the residue is at w= 
(p?+4m?)/p?: 


Ula ee (2!) ee p? + 4m? 
— tp ru p 3 p> 3p? an 
Thus, 
au p*— 2m? 21 4m? 
a (Pupy— Ouvp?) oi 3p? le p? ’ 
Ky(p) = Ga 


0, otherwise , 


*R. Jost and J. M. Lurrincer, Helv. Phys, Acta 28, 201 (1950). 
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]  {p*? + 4m? 
Fain sen P(t 
Liyy(p) = pi<— 4m? {11.12] 


0, otherwise , 


as before. 


Discussion of the singular terms 
With 
N = k® + $p%1— u*) + m?— ip’, 


we have (see p. 43) 


21; phy | 
(ee), =2(5| ic uf (oH a are, [11.13] 
and 


1 \4 
r= — (PuPy— Opp? Ie 
4 d‘k 
SS ee 11.14 
3 a + m?— ap*)* l ] 
In this form the integrals are indeterminate. We regularize: 


aw NX 
(Kiv)r = > CKy(p; Myr; G—1, vo 2 , 


7=0 


(KE, We OU Beas p; M,)ua. 


t=O 
For the integrals to be finite it suffices that 
for I: si C0: Sejat= 0, so that the integral van- 
ishes; - - 
ia Tika: SS C,= 0, and the integral is then determined 


t=0 


by Se, log (M;/m). 


1. The self-charge, Ce \iia: One auxiliary mass M,= V4 
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suffices. With «=¢?/4~~1/137, one finds 


dé .& m= 2« m : : 
= oe pe aes : 11.15 
a ge os ae og va 0 (Schwinger ’”) [ ] 


Note: In the Feynman-Dyson formalism, in which the defi- 
nition of de is given on the basis of scattering processes, de is 
only half as large. (Interpretation?) [A 2]. 


We now carry out the calculation. We had Eq. [11.5], 


1\2 7 ete 
\{ pom (ImL>0). 


Thus, 


aaa) | 


This corresponds to the case with one auxiliary mass. More 
generally, 


N—1 2a 1 a 
2,6 = al a noe pe 


(kK2—D,)?  (k?— Ty)? 


it i = ih, 
d‘k = —log—. 11.16 
| 3 8 F. [ ] 


N-1 L 
==— > C log—s 
2 Te 
N-1 N 
We have }C;=—C,, since )C;=0. Therefore, corre- 
i=0 i=0 


sponding to Eq. [11.16], we get 


ie! a 
~(5n P= L,)? 


With this, Schwinger’s value follows. 
2. The photon self-energy: We have 


ee, 1 
(Kk = 2. AiG uf |g = Oe ozo" » 


> 


an= 2 xe. logL,. [11.17] 


73. SCHWINGER, Phys. Rev. 75, 651 (1949). 
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where 
L= — 4p*(1 — u*)— m? + ip?. 


It is to be shown that this vanishes upon regularization. 
First, we have 


kyky 4). i ke 4]. 
| geuate= a tf amet 


ee 
=| | Gee js nee ah 


Pe i an J Or a 
( J fu —L) *dth== oF ( Tanneii 0) 


From 


Qn 


it follows, by differentiation with respect to L, that 


e 2f atk i 
a (Gl ( ll cea 
fa (k?— L)4 8L? 


Thus, 
ky 1 atk 
Bei 4}. — . 
ee ne sie a L)3 
or 
ee a 
a Hw. 
Naina ena 


If this is integrated twice with respect to L, we obtain 
exactly what we want: Multiplying by dZ and integrating 
between ZL, and L,, 


Lf [1 kek, 11 |g 
Ale (@—pp Lele a is 


(This is true if the k integration is carried out last.) That 
is, if } C;=0, then we have 


fx Cif(L,, kak =0, 
q 
where 
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Let 


ae) 1 
FUL, k)= 5 (ape 2 od 
Then, 
oF 
i aE’ 


One can, now, quite generally, say the following. Let 


[uw L) — f(k, L,)])d*k = 0. 
Then, 


fase [f(k, L) — f(k, L,))dL= 0, 


or 
[ura L,) — F(k, L,) — (L,— Ly) f(k, L,)J)dtk = 0. 
If » C,=0, then, more generally, 
ib C[F(k, L,) — Lif(k, L,)]d4k& = 0. 


If, in addition, } C,L,;=0, then 


|b O,F(k, L)dk=0. Q.E.D. 
This method of integrating over the masses works quite 
generally. 
Now, we have 


L,-=— }p*(1— wu?) +in?— M?. 
Thus, } C,=0 and > C,L;=0 are equivalent to > C;,=0 
and 2 ¢,Mj=0. Hence it is shown that (K/{,), vanishes 
when regularized with ) C,=0 and > C,M?=0. 
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12. IMPOSSIBILITY OF CANCELING THE SELF-CHARGE * 


We assert that if e is the bare charge, e the physical 
charge, «= ¢?/4m 1/137 the fine-structure constant, and 


e i 
@ 1+ Fla)’ ii 
then 
F(a)>0; 
that is, jee a [12.2] 
0 
is true. 


Note: 1. We know the first approximation (in «) of this asser- 
tion: de = —eF(a) is, in first approximation, negative. 


2. This question is unrelated to Lorentz invariance; the canon- 
ical formalism can be employed. Now, in the Heisenberg rep- 
resentation, with F = oF /ct, 


[®,(x, t), b,(x', t)] = 15, 03x — x’). [12.3] 


The reason why this is rigorously true is that the interaction 
energy is dependent only upon the potentials and not on the 
field intensities. With a Pauli term [A-3] it would no longer be 
valid. 


Let ®, be a rigorous solution of the field equations in- 
cluding interactions: 
Let ©” = lim ®,; that is, 1@= 0. Then, Eq. [12.3] is valid 
for © as well as for ©. Now, one can write 
©, = yO! + ®), [12.4] 


where ©/" changes either (a) the number of pairs of material 
particles, (b) the number of photons by three or more, or 
(ce) both. 


§ J. SCHWINGER, Phys. Rev. 786, 790 (1949); Appendix. 
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Then, 

(D(x, t) B(x’, t')do= 0 0 

GO? xe 1(x', t= ee 


Se 


= 
From this, with y= e/é, 
[Bul x, t), Bula’, t)]yo= y? (B(x, t), OP (a', t))>o 
+ <[D (x, t), BP(x',t)}o (no sum over f), 
which implies 
(1— y?)63(x— x’) = — 1<(D))(x, t), BP (x', t)Do. 

For one normal mode (r) in a box, 

1— y2= — 1 (OP (k,, t), B(k,, t)Do- [12.6] 
Assertion: The right side is positive. We have, now, 


Ov — + i[H, 6%]. 
Thus, 
i=—Y= + <(eae [H, DB) ]>, ’ 


l— y?= + (Y,|20%HOY— VOY — HOVGXY . 
With HY,= E,Y, and the Hermiticity of H, 
1l— yt= 2(OY,, HOMY,) — 2(OOW,, Hy OUW,), [12.7] 
1— y2= 2(OYY,, (H— B,) DYY,) . 
If Y, is the state of lowest energy, then this is positive. 
Q.E.D. 
Note: 1. The Hermiticity of H is essential. 


2. This proof is not valid for theories with negative energies 
(Bopp and Stueckelberg °), since there (¥*(H— E,) ) > 0 for all ¥. 


°F. Bopp, Ann. Physik 38, 345 (1940): E. C. G. STUECKELBERG, Nature 
144, 118 (1939). 


Chapter 3. Quantization of Free Fields: 
Spin 0 and 3, Quantum Electrodynamics 


13. THE INVARIANT FUNCTIONS [A-4] 


The homogeneous wave equation is 
(J— m2)A=0. [13.1] 


We denote the solution of this equation corresponding to 
the initial conditions 


A(x, 0) =0 


cA 
(Si), =~ 


at t=0 by A(x) =A(x,t). Its Fourier representation is 


and 


ae 
Aieh= ~ (=) | Om exp [ik- x] d%k (w= Vike +m*) , 


as one readily recognizes when one considers that 


63(x) = (55) Jexp [ik:x]dsk. 


Tt 


Aa) = —i (se) fexptivernetayaias— meee: , | ver 


53 


54 QUANTIZATION OF FREE FIELDS Chap. 3 


where 

1 da) 
e(v) =e(t) =| —1 (t< 0) 

undetermined for ¢=—0, 

and a = 20(t)). 

Thus, 

A(x,—t)=—A(x,t), A(—-2,t)=+A(x,t), 
and A(—a#) =— A(z). [isa 


We can define an additional invariant solution of Eq. [13.1] 
by means of its Fourier decomposition: 


An) = (5) [exp [i(ka)]6(k2-+m2)a4k, [13.4] 


or 


27 


A\(a) = (= : =) | —— exp [ik-x]a°k . 


The relation to the advanced and retarded potentials is 
given by the functions 


ee Hg ee) 
A 7 0) eo): A= ee 
adv (gp aw =| 0 (t> 0) : aay we 1— = 
We have 
(CA — m3) A**(x) = — 64(a) , 
(CO — m*) A***(x) = — d4(z) , 
and 
A — Arxav _ rt | 
Ale 4 (Ase + A); A(x) = de(a)A (a 2) { . [13.5] 
The Fourier representation of A(«) = —te(x)A(x) is 


By 


meeiael exp [7 ka)) 
(4) = (=) ee 4, , [13.6] 


Sec. 13 | THE INVARIANT FUNCTIONS 55 


where Y denotes the principal value with respect to the 
k, integration. One sees immediately that 


(HO — m*) A(x) = — 6*(2) 


is, in fact, satisfied. Moreover, the function has the correct 
Symmetry property. This suffices to determine 1. 

The decomposition according to positive and negative 
frequencies occurs by means of 


A+ = 4(A —id?) | 

A- = 3(4 +441) J’ 
as is recognized immediately from the representations in 
three-dimensional momentum space. 


[3.7] 


a. Representation by means of paths in the complex ky -plane 


A**(2) = Ala) — $A (a) 


VV . ays 
i eS Naz TEST imd(k® + m*)e(k)) exp [i(kr)] ath , 


1 \*/ exp [t(kx)] 
ROG i 4 
ian 2 | k? + m? - 
rT, 
pha (= *f exp [t(ka)] a4, — 
~— \ On k? + m2 j 
re 


(See Fig. 13.1.) 


Figure 13.1 
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The A®* function is defined by 


A? = — 2A + A}, [13.9] 
(CO — m?) A° = + 2164(a) . 
We have 
— 2 
AG Says [OP [i(ka)] Pam + imd(k? + m*)| dk . 
From 
1 1 aft r 
64(2) = = ote) +92 =e fexp [— ive] dv 
- , [13.10] 
1 1 1 : 
62) = 5 6(z) — Px ae Jexp [— ive]dy 


—o 


there follows 
47 
¢C 2 
AC (on)s Gan | oP [i(ka)]b4(k? + m?)d4k. [13.11] 


In terms of a path in the complex plane (see Fig. 13.2), 


— af pea 


ANC ay) yas 


dtk . [13.12] 


Figure 13.2 


Sec. 13 | THR INVARIANT FUNCTIONS 57 


b. Decomposition of A° in terms of positive and negative 
frequencies (Fierz +) 


— 21 re 
(AC)*+ = - mf ae [a(i ii dtk 


ms (270)4 k? + m? 
(Ae zie [13.13] 
if: (27)*}] k? +m? 


(se 
(See Fig. 13.3.) Then, 
(4°) hs Dif Aw 


(A°)- = — 24(Arer)- [13.14] 


(Fierz’s decomposition of the A° functions; see Section 27), 
A°= — 2i[(A™*)+ + (A»*)-] , [13.15] 
Corresponding decomposition of the sources: 
(CL 0°) te YS u(t) 
(CO — m®) (4°)- = + 216%(x)d_(2) 


&) 


| [13.16] 


Figure 13,3 


That is, Fierz’s decomposition of J‘ corresponds to the 
decomposition of the sources in terms of positive and neg- 
ative frequencies. 


1M. FIERZ, Helv. Phys. Acta 28, 731 (1950). 
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c. Feynman’s decomposition of A° 


This is a decomposition in terms of positive and nega- 
tive times: 


A(x) = te(x%) A(x) + Aa) , 
so that for 
i>0,. A°— 221-—-At— QiAr, 


P20, fa 
or 
A? = 2i(A+)™*— 2i(A-)*. 


Note: This is not a frequency decomposition according to the 
sign of the frequency: 


(anaes (Ae ; 
d. Addendum. The special case of vanishing mass, m=0 


D(x) = A(@)| mao, ete. , 
D(« a 
See 
OD(«) = — — 


Then, explicit expressions for the D functions can be given: 


iL 
D***(a) - r=|2| 


, [18.17] 
D** (4) = — Olt +r) 
D(a) = D(a) — De) , 
Dia) = (D(a) + Do) . 
Thus, 
D(a) = 7 [8¢ +7) — 6¢—7)] 
: : [13.18] 
(0) = = [Blt +7) +46¢—7)] 
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and 
1 
(Dr**)*(x) = is d(t— 1), 
(D8)=(@) === 0-(t 7) 
D° = — 2i[(D*)* + (D*")-] 
— 4 1 al} 
~ Sour a) 1a in(t— r) PURE 2 Lr) 
i ee 2r 
ae ees) 
= il 1 
D&F= — 2D aero omer ; 
D’=—UD+ D1, 
where 
il 
Die oni(rs eT 1)" [13.19] 


Note: For m#0, these same expressions represent the parts 
of the functions in question having the stronger singularity; in 
that case, however, there are also additional terms with weaker 
singularities (logarithms for the case of 4! and discontinuities 
for A and A). These additional terms can also be written down 
explicitly (cf. Schwinger ”). 


14. QUANTIZATION OF FORCE-FREE, UNCHARGED, SPIN-O FIELDS 
[A-4] 


Let @(w) be a real scalar field: 
(O— m2) O(x) = 0. [14.1] 
In a large volume J, 


P(r) =F : — — a exp [i(ka)] +Ag exp[— i(ke)]]. [14.2] 
k 


1J. SCHWINGER, Phys. Rev. 75, 651 (1949). 
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Here, the sum is to be extended over all values of k; the 
frequency is always to be chosen positive: 


k= +o=+Vki+m?, 
(kx) =hkex— ot. 


In the transition to V—oo, one must write 


sf 
Folge) fe An AES. 
The commutation relations 


[eins At] = Ont 
hold. Thus, 


A Ag N (with eigenvalues of 0,1, 2, ...), 


and A, is an absorption or annihilation operator while Ae 
is an emission or creation operator: 


AW(N) =VN¥(N—1) 
A*WN)=VN+1Y(N+1){— 


For the vacuum, 


(A* Ao = 0 
ei 
so that 
[D(x), D(x')] = iA(w@— o') [14.3] 
({G(a), B(a')}y9 = AY (@— 2") . 
using the notation of Section 9. 
Canonical Formalism 
Using the Lagrangian function 
Lh) ase, [14.4] 
where cK 
1{/oDo0@ 
—f£ FG apt mot), [14.5] 
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the field equations can be obtained from a variational 
principle: 


{Lar — 0 [14.6] 
Equation [14.5] can be written 
OoD\2 (cD)? 
20 (| =I — m’@?, [14.7] 


One defines the canonically conjugate momentum as in 
mechanies, 


nite) =(5 ee )= — [14.8] 
5(OD/ot)}@ o(e@/et) et 
and forms a Hamiltonian function 
=| sare, [14.9] 
where 
a a F, [14.10] 


In doing this, the order of the factors may have to be 
respected. We have then 


1 CD\? 
Ey = {7e) + (ae) - mb(a)} ; [14.11] 
2 Ge 
Further utilizing the analogy to mechanics, we will de- 
mand: the commutation relation 
4[7(x, t), B(x’, t)] = 63(x— x’), [14.12] 
and, naturally, 
[a(x, t), 2(x', t)] = [Ol x,t), P(x’, ]=0, [14.13] 


which is explicitly valid only for equal times. It is inme- 
diately seen that these commutation relations agree with 
the invariants of Eq. [14.3] if there one sets t=? and 
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notes that 7=0@/ot, because 


oA 
A(x— x',0)=0, ay (eo 8 0) = — 63(x— x’). 
Conversely, the invariants also follow from the canonical 
commutation relations if the field equations are employed. 
In the canonical formalism, these equations result from 
the relation 
CHE, 
— =i[H, F): [14.14] 
ot 
oD a 
> = TLE, O) = a,, a = LE A] = Ao — mo. 
15. QUANTUM ELECTRODYNAMICS IN VACUUM 
For a real vector field ®,, the field equations are 
Od,=0 (zero mass) . [15.1] 


In addition, we also demand the auxiliary condition 


OD, 

—# — Q 
ae [15.2] 
in order that the field intensities 


_ 86, 0G, 


we On = Aa” 


[15.3] 


satisfy the Maxwell equations 


OF in 


or” 


=0. [15.4] 


For quantization, it is useful once again, in analogy to 
the scalar field, to require that 


[B, (0), ®,(')] = 18 y»D(a— a’) . [15.5] 
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Here, a peculiarity appears, namely, 


0®,, (x) 


Oa’ 


. 0 

, Bia] = 155 Dew a') 20. [15.6] 
xe 

That is, the auxiliary condition does not commute with 

the potentials. However, it commutes with the field inten- 

sities, 


Fle’) =0, [15.7] 


and with itself, 
0®,(x2) o®,(x') 


Oat * Oa’ 
(This shows that one can have such an auxiliary relation 
only for m= 0.) 

In order to circumvent the difficulty of Eq. [15.6], we 
make the weaker demand (following Fermi *) 
od 


ee On [15.9] 


=i0D=0. [15.8] 


That is, the auxiliary condition should not be an operator 
identity but instead should restrict the possible states. 
Such a restriction has typical consequences which we will 
now study. 

To this end, we expand in terms of a complete set of eigen- 
functions, ; 


= S au(k) [ Aa(k) exp [e(kax)] 
+Ai(k) exp[—i(kx)]], [15.10] 


where ©,—i®,, ® and ®, are Hermitian, and w= + |kI. 


We want 
(€,€a') = > Cav Cary = Ox , [15.11] 


2H. FERMI, Rendiconti d. R. Acc. d. Lincet 9, 881 (1929); 12, 431 (1930); 
Rev. Mod. Phys. 4, 87 (1932); Part II1. 
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so that €,, @, e,; and e, form an orthogonal basis. Fur- 
thermore, 
Di Oe [15.12] 
A 


Not all of the e, are real: 
Cin = (C150) is real for t= 1,20" 
Lay = Ue4, Co) i8 real. 
The ¢,, can be represented most simply as follows: 


(€) + t€4)u = f(w) Ky 


13 
(€:) = (€,k) = 0 a 


Since 


then it is also true that 


> 4. +i 


Bel 
However, 
4 


Dies—tene, 0 . 
pal 
For A=1, 2, the following transformation can be made: 
Cu Cy ake (A=, 2) 


ti t 
€ég = C3, Ce % 


Because k?=0, all equations remain correct. As an illus- 
tration, one can make the special choice 


k, = (0, 0, w, 1m) , 
i — (1, 0,020); 
é,= (0,1, 0, 9), 
é,= (0, 0,1, 0), 
éj = (0,05 051). 
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The auxiliary condition [15.9] becomes 


(A, + 7A.) ¥ = 0 


15.14] 
(Az + 1A) Y= 0 


(cf. Eq. [15.23] below). 
Hermiticity: The reality conditions for ®, demand that for 


West 3g 
Aj = Hermitian conjugate of A, = (A,)' 
[15.15] 
ea 
— Aj = Hermitian conjugate of A,—= (A,)* 
‘Strong’? commutation relations: 
[A,(k) ’ Aj k’)] — Ona One’ ; [15.16] 


the other commutators being zero. If we set A,= 3B", 
A, =—B, then B* is the Hermitian conjugate of B: B¥ = Bt. 
In addition, 


[B, Bt|= qos 


which is the reverse of the usual situation. If, therefore, 
we do not wish to introduce a new metric in the Hilbert 
space, then we must make new interpretations: 


A,, A,, As, Af are annihilation operators , 


Af, Aj, AZ, A, are creation operators ; 


No Ae ee erg ol) 204, 
Ny —-AI= B*B . 


These are the number operators, which have eigenvalues 
0,1, 2,.... Thus, for +=1, 2, 3, 


ALHiNG) = 4 NWN, 1), 


ATW(N,) =VN;4+1¥(N,4+1). 
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However, for 1=4, 

A,Y(N,) =—iVN,+1Y(N,4+]1), 

AF P(N,) =—ivVN,P(N,—1). 


(Here, an undetermined phase factor has been chosen arbi- 
trarily.) 
With this, the auxiliary conditions become [A-5] 


VN,W(N,— 1, ¥.) + VN, FIs, Ne $1) =0, 
VN, +1 P(N, +1, N,) +VNY(Ns, N,— 1)=0, 


or 
VN,Y(N,—1, Ns—1) + VN,Y(Ns, N.) = 0, 
V/N,V(N,—1, Na—1) + V,¥(N,, N,) = 0. 


The auxiliary conditions, therefore, connect states for which 
the difference in the VN, quantum number is the same as 
the difference in the N, quantum number. 

The general solution is 


Yi Na NN.) — 0 for NAN, 
P(N, N)=(—1)*, 


from which it follows that 


>, (Oy Peete ; 
N 
the state vector is not normalizable. 


Note: This difficulty is completely independent of the vacuum; 
indeed we have not mentioned the vacuum at all. We will see 
that it is to be defined by 


N,= AjA,= 0 for A= 


a, Remark on the ‘‘strong’’ commutation relations 
The ‘‘strong’? commutation relations 


[A,(k), AP(K)] = OaOee (A, A= 1,..., 4), [15.17] 
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are based on nongauge-invariant quantities; they are, 
indeed, equivalent to relations 


[D,(x), B,(a')] = iby»D(a2 — 2’) , [15.18] 


which are nongauge-invariant. That is, they are not in- 
variant under the transformation 


, oF 
D,= ®, ote ant ’ 
with UF=0, as long as F is a q-number which has no 
restrictions other than LIF=0. 

On the other hand, we can construct ‘weak’? commuta- 
tion relations with the gauge-invariant field intensities 


1,,.8% 2, 
wm Ort da” 
2 Q2 
[Puel), Fg) |) = ee =~ Sov T Cx" are jo 
2 02 
ju age O° — asepge Suv) @Die— a"). [15.19 


These are equivalent to 
[Aa(k), Aa(h’)] = Oar One 


for: A=1,2 only. Similarly, for the vacuum expectation 
value we have 


! 0? ee 
<{ Bugle), F(z jio= _ (ara ovr On’ one Sno 
ae ee 


—_— —____— = ——_ »~D-m — 7 9 
agFay °° — Ageage 2, D(¢— 2’). [15.20] 


This is equivalent to the fact that for A=1 and 2, 
Ni=AzA, , <Nao= 0, (Agar >= 1. 


Here, only the auxiliary conditions have been used. 
We have seen that the ‘strong’? commutation relations 
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lead to difficulties with respect to normalization of the 
state vector. These difficulties are inherent in such a the- 
ory, and are independent of the definition of the vacuum. 
They do not appear in a theory with ‘‘weak’’ commutation 
relations. 


b. A Theorem of Dyson‘ 


Let 
Fafarafare' Kote xv) DO, (x) O(a") , [to] 
where the gauge-invariance requirement is satisfied: 
OK»  OKyy _ 
Ont a On” ae 


Theorem: 


Ld 5 = [ato fare Rate, oo) 
-4(D'(a— av’) + i Diw—z’)). [15.22] 


This can be derived on the basis of the ‘‘weak’’? commu- 
tation relations alone. 
Proof: In momentum space, this statement is equivalent to 


Kyr(k, — k)<Ag(k) Av(k)>o= 0 
and 
Kwok, — k)<A,(k) A; (k)>o= Kaalk, — k) , 


if only the gauge-invariance requirements 
Oy LI 
ee 
| ku Kyy = 0 


are satisfied. It is useful to set 
1 : 1 . 
Wri 8 va (fae 
with e, and e_ real. Then 


(e4¢4)=(e_e)=0; (epe)=1. 


Thus, ¢, and e_ are nonorthogonal null-vectors. 


‘KF, J. Dyson, Phys. Rev. 77, 420 (1950). 
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In the following, 2 takes on only the values 1 and 2. 
Then 
C+, = f(@) Ky, 
(e,e+) = (eae_) = 0, 
(€,€2') = Oay 
Analogously, we denote 


1 ; 

ws (A,+74,)= 4x, 

il 

V2 
Then, AX —(A,)', A* =(A_)', since, indeed, AY =—(A,)’. 
The ‘strong’? commutation relations require, in addition 
to the ‘“‘weak’’ commutation relations, that 


(As + iAz)= AL. 


{ fede ek) eee A | So, 
| (44, 48) = [4_, A= 1. 
The auxiliary conditions are 
Ay a 0 ’ 
| Ak v=0. 
Now, any four-vector can be decomposed as follows: 
Bum (Fi, Fa, Fy, F) , 
F, oo Fyeay + Fein +Fye_n 


=1,2 
where 
F,= (Fa), 
Fy. = (Fes), 
EF =e). 
If (Fk)=fF,k,=0, this means that 
eA), [15.23] 


That is, the term with e_ drops out. 
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We apply this formalism to our problem: 
Kyv= > Kayapeay + Katapesa + Kiaetpeay + K__eiulsty , 
an 


in which the gauge-invariance requirement (£) is already 
satisfied. Then, 


2 Kol ky — k) A, (I) A} (k) 
= ) Ky A, Aq + KA, At + K_,A,A7 + K__A+,A}. 
an 


Because of the auxiliary condition A,Y= A,W=0, the 
last three terms in the vacuum expectation value drop out 
([A,,A;]=0), and there remains 


(Ky(k, — k) Ak) Ar(k)o= Y (Kav ArAino= > Ku, 
A,A'=1,2 A=1,2 


(Kuk, = EE) ne (K 47 Aj Ary = Ue 


4 
Furthermore, >} K,,=)> K,,, since K,,+Ky=K,_+K_,, 


A=1,2 Cel 
and since K,. = K_,=0 because of the gauge-invariance 
condition (/). 


Note: 1. The derivation is not completely rigorous because the 
terms K,,<A_A*)>,, which we have dropped on the basis of this 
gauge-invariance condition (#), are actually indeterminate. This 
results from the fact that 4_W and A* ¥ become infinite because 
of the unnormalizeability, while K,, vanishes because of (BF). 
Thus, these terms are actually of the form 0x oo. We have, 
therefore, implicitly introduced a supplementary rule on how to 
proceed with these terms: the gauge-invariance condition (F) is 
to be ‘‘stronger’ than the infinity of the norm of the vector. 


2. Dyson’s theorem is not all that is needed; we will see that, 
in addition, 


Toa] ate| ate Koln x')e(a — x')[B, (x), B,(x')] 


is required. This quantity is indeterminate even if K,, satisfies 
the gauge condition (EZ), since K,,e(t) does not satisfy (EZ). A 
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theorem such as 


Kd = | tof are p(X, w)e(a — 2')-tD (0m 2"). bay 


can be established only with the aid of the ‘‘strong’’ commutation 
relations. The logical situation is, therefore, not satisfying, since, 
on the one hand, one uses the ‘strong’? commutation relations 
and, on the other hand, the auxiliary conditions, which, together, 
lead to the nonnormalizeable states. This can be circumvented 
with the help of the indefinite metric. 


c. The Gupta-Bleuler Treatment of Quantum Electrodynamics ® 


Both of these authors show that all of these difficulties 
can be circumvented by using the so-called ‘negative prob- 
ability”? formalism; that is, one employs an indefinite metric 
in Hilbert space. 

Usually, the norm of a vector Y in Hilbert space is de- 
fined as YY, where Ww" is the complex conjugate of Y,. 


Then, if the Hamiltonian is Hermitian (H-,,=H,,,, or 
H'*=H, where * denotes Hermitian conjugate), the norm 
remains constant in time. Expectation values are given by 


» We Aves 
A= Sey, 


This is now generalized by defining, in the Hilbert space, 
a metric operator 7, which, although Hermitian, need not 
be positive definite. Then, one defines the following 


nena: Da Pn Nam Em = (Y*nY) ’ 
(Paty) 
expectation value: a — aie 
pecta ( (WW) 


Because 7'=7, the condition for the norm to remain con- 


*s. Gupta, Proc. Phys. Soc. (London) 53 A, 681 (1950); K. BLEULER, /lelv. 
Phys. Acta 28, 567 (1950). 
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stant with time is 
Voy. 


If we define an operator A* to be the adjoint of A by 
At=qA'n, 

and define a self-adjoint operator by 
J ach Be 


then the condition on the Hamiltonian for conservation of 
the norm is that H be self-adjoint. Furthermore, self- 
adjoint operators have real expectation values. 

Criticism of this theory: 

1. In the usual theory the norm is positive so that it can 
be made equal to +1 by multiplication by a positive 
number. In the theory under consideration one can, in 
this manner, obtain only the numbers +1, —1, or 0. The 
null states are singular, and no expectation values can be 
defined for them. 

2. The theory is very formal, since a negative probability 
has no significance. One should, therefore, hardly apply 
such a theory to physical quantities. Nevertheless, it can 
be advantageous for the description of nonphysical quan- 
tities such as, for example, longitudinally polarized photons. 

To this end, one proceeds as follows. The adjoint oper- 
ators are defined by 


Af=Aj=A, (A=1, 2,3), 
—Af=Ai—A,, 
where * denotes the Hermitian conjugate. Then, 
1 i 
SS = = e,alk 
PO eg ER 2 Md 
; -[Aa(k) exp[i(kar)] | A(k) exp[—i(ke)]] . 


Thus, ®,(x) is not Hermitian, but is self-adjoint instead. 
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The commutation relation 
[Aa(k) , Ai(’)] = Say One’ 
remains valid. For A=1, 2, 3, 4, then, 
A,= annihilation operator , 
A;=creation operator , 
N,= A, A,=number operator . 
The quantity [A-5] 
> Ya 2a) 1): 


(N 2) 
remains constant in time. We can then demand that 
f nAj = Ajn (A=1, 2,3), 
| nAt=— Aly. 
From the matrix representation 


(Na|| M4) (M4| Aa] a — 1) 
=— (N,}A,|N.—1)(N.—1]y|N.—1), 


it can be seen that the solution is 
(Naln| Ni) = 5x, ¥,(— 1)". 
We must weaken the auxiliary condition, since 
(Aj +1Ai) V=0 


cannot be satisfied. For this reason we demand the aux- 
iliary condition only for the positive frequencies: 


oo 
(5) P=0. 
Ont 


This restriction is not dangerous since, for the expectation 
value, 


remains satisfied, as one can easily convince oneself. 
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If we go over to A, as before, then it is to be noted 
that now 


i 
Ah Ja (As aA, ) 3 
Thus, for k= ke. 


[A,, At]=[4_, A=], 
[A4, A‘) =[A., Aj] =, 


which is the opposite of what we had before. It is then 
easily seen that for every state the expectation values 
become 


GaAd Ame CA lode: Yee Gnu” yeaa A ohn vie Adele — OP 


(A,Aq> == 14 
and 
Ans = ]— Ca > : 


which is indeterminate but finite. 

Thus, the problem with Dyson’s theorem is settled, since 
terms of the form 0 xco no longer appear, and since for 
the physical quantities only the determinate expectation 
value is essential. 

In the following, the expectation value of Dyson’s P-sym- 
bol (chronological, or time-ordered product) will be essential. 

Definition: 


[ A(z) Bo’) (t>t') ] 


P(A(2) B(a')) = | Be) A(z) (tt) J’ 


[15.24] 


and analogously for more factors. Verbally, the P-product 
describes the chronological ordering of the operators ac- 
cording to decreasing times. 

For two factors, specifically, 


P(A(e) B(a')) = 4{A(a), Blw’)} 
+ te(2— w')[A(x), B(a’)]. [15.25] 
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In the theory of neutral scalar fields we have, for example, 


C{y(@), pe" )}o= ANae— 2’), 


[p(x), p(w')] = tA(w— a’). 
Thus, 


<P( (2) y(@"))o= 4Aa — a’) — iA(a— wv’) 


= ee (eae). 


(Note that A° appears here.) 

It is analogous in electrodynamics. In order to avoid 
statements about nongauge-invariant quantities, one con- 
siders only the term that appears in applications: 


(y= fare ate! Kola, x')<P(G,(«x) ®y(x"))>o, [15.26] 


with 


With regard to this, Dyson’s theorem states: 


(o=| ase iieliee Dae #'). uae 
os 

The indefinite metric is, for us, only a means with which 

to prove this theorem; we do not need it further. 


Note: 1. Clearly, only vacuum expectation values of gauge- 
invariant quantities are well defined, that is, expressions of the 
type 

CP (Fyy(@) Feo(2'))>o - 


2. In this Dyson P-product, a special role is given to simul- 
taneity, that is, to surfaces t= constant. (Instead of such planes 
one can also, more generally, employ curved time-hke surfaces 
which, here and there, may be practical and which, physically. 
are neither better nor worse than the planes. See Section 21.) 
The basis of this special role for simultaneity lies in the canon- 
ical formalism. 
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16. QUANTUM ELECTRODYNAMICS IN CANONICAL NOTATION 


We derive electrodynamics from a variational principle: 


6 | bat ea(h 
where 


i=| gee, 


ail o®, oD, 
2 Oa” oa’ 


i226 102-20) 


The canonically conjugate momenta are 


gz 
| . [16.1] 


P(x) = oh oe , 
iY 4 eo] ) 
@ 
P(x) st 
[16.2] 
D, 
P,(%) = — = 


The canonical commutation relations are 
iLP.(x, t), B(x’, t)] = 6.6%("— x’) ] 
i[Po(x, t), By(x', t)] = +4%(x— x’) J? 


all others being zero. 

These relations are valid only at equal times; the canon- 
ical formalism, from its nature, describes only what occurs 
at equal times. 

With 

o® : ; 
“h=a =~ iP a G,= +i9,, 
we have 
[P,,®,J= + [Po, Po] , 
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from which 
iP, ( x, t), ®,(x', t)] = 4 |— Ou x’ 
=6,,0%«—x'). [16.3] 


These commutation relations are, naturally, contained in 
the previous, more general relations 
[D, (x), D,(x')] = 16,,D(x— 2") , 


as can easily be checked by a calculation analogous to 
that in Section 14. The Hamiltonian is 


H= 30S —La[ras 
Hence, 


= 2(CRy 27H) 2) 


We still need an auxiliary condition to ensure that the 
expectation values satisfy Maxwell's equations. This con- 
dition does not follow from the canonical formulas. We 
postulate 


| , eA) 


Puy ( if div) 0. [16.5] 
ont ct 


The canonical equations 


O®, (2) ~ 
a, 1 [H, @,(x)| 
and 
0?®,,(a) =, H, eee 
ot? ot 


together with the auxiliary condition, when applied to ¥, 
yield the Maxwell equations. 
Compatibility of the auxiliary condition: It must be 
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true that 
O®, 
(necessary condition). With the field intensity 
pee yo, 2 , 
ot 


this means that div E-¥=0. These two conditions, 


Coy = 0 and aes 


Oat eee 


are also sufficient, since if they are satisfied at one time, 
they are also satisfied for all times. 


17. VARIOUS REPRESENTATIONS 


The following is valid for ordinary quantum mechanics 
as well as for the theory of quantized fields. 
Definition: Here F is the operator for which 


(Fy = < (FY. [17 


It is only a matter of convention how much of the time 
dependence in this is contained in the operator and how 
much in the Y function, because physical quantities are 
the expectation values, 

CY = Gen) [17.21 
For systems without interaction, there are essentially only 
two representations to be considered. 

1. The Heisenberg representation: 


Oy 
ene 
ee 
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2. The Schrodinger representation: 


ov, 
| eae 


oF 
| Fo 


(In Sections 14, 15, and 16, the Heisenberg representation 
is always referred to. However, all of the results are also 
valid in the Schrédinger representation if OF /ct is every- 
where replaced by F.) 

A transformation U connects the two representations: ° 


a — UES 4 [alee )| 
UUt= U'v=1, 
where 
Zz 
cles +71H s Coe 
ot 


and H,=—H in the Schrédinger representation. Thus, 
U= exp [tH,t] , [17.4] 
CF» ae (Wr, Fy) = (Ws, Fs Ys) : 
Here, (¥,, ¥.) denotes the scalar product in Hilbert space. 
Also, 
. Fy= UF, U-". [17.5] 
18. THEORY OF POSITRONS (SPIN-} PARTICLES) [A-4] 


The Dirac equation is 


wae — 0 
ger . 
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Let 
S =(y’ a A, so that re m\S=0 

— y an” m $ sO a y Bart = ’ 
Sally? e A that {y’ a S= — 64(r) 

= vm , SO Vere = — or), 
g(r g — mn) a so that (y Gtm)s=0. 

“Ne ae d On 
Then (cf. Eq. [3.26]) 

{pala), Gale')} = — 1Sap(@— a") . (18.1] 


In particular, 
{ya(a, t); Ga(x’, t)} == —4Sap(x— x’, 0) = | yt,d3(x— x’). 


Furthermore, with 


we have 
{Palx, t), pa(x’, t)} = b.g68(x— x’). [18.2] 


This, together with the Dirac equation, is equivalent to 
the general commutation relation of Eq. [18.1]. 


Canonical formalism 


The momenta z are unnatural here, since at a given time 
the z’s and y’s cannot be given independently of one 
another. Indeed, yp follows from py via the Dirac equation. 
On the other hand, the y’s satisfy no auxiliary condition; 
they can be freely specified beforehand. The equations 
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can be easily satisfied by 


=| rare P 


In order to specify #, we go over to the @ matrices: 
Oy, = tyt yk ea? 3), 
Be 
The Dirac equation is then 


oy oy 
ot aa see 


+ ipmy=0. 


For #, we choose 


The sequence of factors is just right. This hypothesis sat- 
isfies our requirement, as can easily be shown. 


Note: 1. The commutation relations [18.2] contain the anti- 
commutator; the equations of motion, however. contain the com- 
mutator. This turns out correctly because # is bilinear in y. 


2. Formally, one can start from a Lagrangian function: 


1 fo) oy 
a — iy yy + mypy 
2 Ox” doz” 
SB cg pace?” “apna — (YP seg 
on (Se + aS + ipmy) ee eae 


The Dirae equation then follows from 6| Pasa = 0. However. 
&=0 (along an extremal path) also follows, and this is the 


degeneracy which appears here. 


Chapter 4. Interacting Fields: 
Interaction Representation and S- Matrix 


19. ELECTRONS INTERACTING WITH THE ELECTROMAGNETIC FIELD 


Here, we must make the substitutions 


op oy 


On” in Ox” 


oyp* dy* 
Ox” =e Ox” 


— ieD,y , 


+ teD,y* . 
Then, the field equations read 

) : 

SO = i[H+ Hus, yl 


i [1sii] 
op Pew he . 
p= Ht Baas, v1) 
t 
where H is the previous H, and where 
Fin = | d3a 
f [19.2] 
KH ing = = i or PP D,—jP 
in which 
j= iepyy , 
p= cy*y, j= ey" ay. 
Thus, 
oy op : be. 
OE + teDoy + a.( — icy) + ibmy = 0 
[19.3] 


* * 
oe — ieDyy + (‘e + tetby")-a.— imp*B = 0 


82 
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Note: 1. Formally speaking, this is based on the Heisenberg 
representation. Nevertheless, it is the same in the Schrodinger 
representation if Oy/dt is replaced by y (sce Section 17). 


2. A special feature here is that #,,, is Lorentz invariant and 
contains no derivatives of the participating fields. 


3. Commutation relations: nothing changes in the canonical com- 
mutation relations (at equal.times). This is the advantage of 
the canonical formulation. However, they can no longer be 
extended to different times. 


4. If one considers electrons interacting with a quantized electro- 
magnetic field, then one must write for the Hamiltonian 


A= Hon + Api + Aya 5 


where everything else remains unchanged. 


20. CHARGED PARTICLES WITH ZERO SPIN! 


We have 
op* oy 
| a ea care * 
pe Ape Bae PTY 
9 
ay" oy oyt oy, [20.1] 
~ Ot Ot ox dx YY 
From 
Pee aL. OL Oye 
~ §(Ow/ot) Aa(dw/ot) at 
(Op/ot) 0(dy/dt) 120.2] 
eee 
~ Ot 
there results 
i[7(x, t), p(x’, t)] 
. | Oy* 
= ‘e (x, t), p(x’, »|= 63(x— x’) 
ct 
, [20.3] 
i[m* (x,t), p*(x’, t)] 
== |e (x, t), p(x’, »|= 63(% — x’) 


1 See Section 9 for a formulation using 4 functions. 
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84 
and. 
oy" 
on — ey [20.4] 
The field equations become 
[20.5] 


0 0 
(sam) v= 0. 


Interaction with the electromagnetic field 


The usual substitutions, 


op oy. 
Ov” Oa” ft 
cy* dy* . 
On” or ey 


are made in all formulas. The field equations become 


) 6) 
== 40 a ay pay ay — 
(= ied) = ie®,) yp— my = 0 | 
A [20.6] 
—— ), * ay 2ay* — 
(sas + #e®) (5 + te) y miy* —= 0 | 
The corresponding variational principle is 
) | ean 0 , 
where 
ap tiebee) 
=— +te®,y* 


$a 0+ gen (ES : 
(ov Z 
Ber — teD,y)\— my*y. [20.7] 


Separating space and time, 
ee UA eee Sa ae 
Se +(e ieDyy \(2 +ieDyy 


CY fem ( 
— (SE + iety') Ox 


)- my*y. [20.8] 
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In this case, the Hamiltonian formalism functions quite 
normally. With 


L=| vars ; 


we have 


a 
S(Ow/ot) d(ewjot) ct 


That is, as compared to the case without interaction, 
here wz contains an additional term: 


Coy* 
a — s — ieDyy* 
[20.9] 
re) ; 
i = + ieDyy 
The canonical commutation relations are 
i[ze(x, t), p(x’, t)] =i[n* (x,t), y*(x’, t)] =68(a— x’) 
[ 96), YX, 9b)s ’ [20.10] 
all others = 0 


Note: 1. 2 and not ¢Cy/@t has simple commutation relations. 
2. The relativistic invariance is anything but obvious. 


The Hamiltonian is 


This is to be expressed in terms of x and y. rather than 
Op/ot and y: 
FH = 10" +- myptyp + ie@D,(n* p* — ry) 
OFF ie (OP 

+ {| — = — : 20.11 

: (= + ieby ( icby [ ] 
We write 

H=H, 4+ FH or . 
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Here #, is identical with that written down previously: 
op* oy 


— * 2qy* cae ° 
AUG 1 alas Ox? 


' oy oy* ° 
a *ay* eal yt — 26h 2yy)* 
HE ix, = 10D, (a* p* — ny) + ieb (» Perr v| + eDry*y . 


The current density is 


. Ca 
| er ae 
ao, 


because of Maxwell’s equation. Thus, 


(ay p 
eee ( y—y a —2e@O,.y*y. [20.12] 


The equation of continuity is satisfied: 


de 


apa = 01 [20.13] 


ee Oe re) 
ja ie y vs) 2e°Dy*y . 


The charge density is 
: . (oy* 0 
ie (= 7 ee =) — 2e°Dyyp*y 
= + te(a*y* — ay) . 


Note: 1. To begin with, this is true for an external electro- 
magnetic field. If one adds the radiation Hamiltonian and keeps 
the commutation relations between canonically conjugate quan- 
tities unchanged, then it is also true for the quantized radiation. 
In addition, in the Schrodinger and Heisenberg representations 
considered here, the auxiliary condition need not be changed. 


2. With respect to the auxiliary condition, it is to be noted that 


0®, 0G, (x, t) 
ae WE. i py |e 
(= he Y Hi ol 3 ’ 7 


ol » Do(x’, t)| jy(x’, t) 


= (x, t) 3(% — x’) . [20.14] 
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This equation is also valid for spin-}: 
FE vot —- —j7"@, = j°D,—j '® . 


What is always essential is the term with ®), and this appears 
as +97°®, both times. 


21. THE INTERACTION REPRESENTATION 


This representation, introduced by Tomonaga and Schwin- 
ger,” lies, so to speak, between the Schrédinger and the 
Heisenberg representations. 

In Section 17 we have seen that how much time de- 
pendence is ascribed to the state vectors Y and how much 
to the operators F is a matter of convention, as long as 
the expectation values (F) = (¥* FY) have the proper time 
dependence: 


In the interaction representation, the operators have the 
time dependence of the force-free case, and they satisfy 
the force-free field equations. The YW, then, contains a 
time dependence which makes the time dependence of the 
expectation values correct. The commutation relations of 
the operators are also the same as the force-free ones. 

Dirac, Fock, and Podolski* had already done something 
similar, but they treated matter and radiation on different 
terms. 

We demand, then, for an operator O, in the interaction 
representation, that 


4 = 1H, 01). [21.1] 


2s. TomonaGa, Progr. Theor. Phys. 1, 27, 109 (1946); J. SCHWINGER, Phys. 
Rev. 74, 1439 (1948); 75, 651 (1949). 

>>. A. M. Drrac, V. A. Fock, and B. PODOLSKY, Phys. Zeitschrift der So- 
wietunion 2, Heft 6 (1936). 
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Furthermore, we define 

0O,=1(X, + Aint, O;] ‘ [21.2] 
Then 
=O 5 (2, 0%) 
=i (Pi, ((Ho + Hin) O:— OH, + Hix) ¥,) 


= (Ya GEv) +, (Hyu,0;— O; Hime) %) , 


which implies 


ve : 

ag — Hin YP, [21.3] 
ot 

The interaction representation Y, is obtained from Schro- 

dinger’s ¥, and Heisenberg’s Y, by means of a unitary 

transformation: 


Y =exptHtY,.=UP,, UU'=U'U=1, [21.4] 


where 
oU : 
a — tHin . [21.5] 


and 
O, =exp [tH,t]0, exp{[—iH,t]= U0,U-". [21.6] 


This representation singles out (as does the Schrédinger 
representation) a manifold of surfaces, t=const. Instead 
of the surfaces t=const, one can consider more general 
(curved) surfaces o which, as their only restriction, have 
everywhere a time-like normal direction. Instead of dy/dt, 
one considers the following quantity: 

P (o') — Po) 
QO ’ 


where 2 denotes the finite volume enclosed between o 
and o’. Then, let 
So). W (0) — P(e) 
OIC oes 2 


[21.7] 
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in which Q(x) in the limit shrinks to the point w#. Then, 
it is seen that the generalization of 


oY, 
ct 


— 7 tH ine Y, 


ny. 


a 


CO Nay) 


Figure 21.1 


with 

Aunt =| Fils = |H# ido 
becomes 

OUNG) — pu 

3Q(a) =— 1%(r)P(o) . 


Note: 1. The quantity %;,(r) can (for example, for the case of 
zero spin, see below), in addition to x. still depend upon the 
direction of N,, the normal to the surface o at the point «: 
KE in (s EN) 


2. These curved surfaces are not nice. but they are no more 
unphysical than the surfaces t = const. What is unphysical are the 
instantaneous quantities. 


For the unitary transformation U which leads from the 
Heisenberg to this generalized interaction representation, 
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it is then true that 


8U F 
TOT sa ie [21.8] 
For spin-$, we have 
F x, = — jy O, = — iepy’p®, . [21.9] 


For spin-0, the situation is less banal (see above, Note 1): 


[21.10] 


3 * 
+ ict (y ae ae v) + er2y*y 


This is true in the Heisenberg representation. Naturally, 
the same thing results in the interaction representation; 
every operator is simply taken in the interaction represen- 
tation. Here, however, the force-free field equations and 
commutation relations obtain. Thus, 


oy* ae 
@.=(F)  cepn, 


With this, in the interaction representation, there results 


, rf) oy* Bi pau 
Hi ieD, (v* is ¥ v) ted Oy y 
1 


Ox” Oa” 
a . oy dy" (iin 
aad (» 6a” Oa” 


+ D,D,y*p + e@iyp*y 


This is for plane surfaces, ¢= const. 
The generalization to curved surfaces o takes place by 
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means of a normal vector N,: 


Neg 1 . 


For the plane surfaces t= const, V,=(0,0,0,7). Then, 


: ) Oy* 
He, =0e®, (v" aa - = v) 


+ e?D,D,y*p + €?(D,N,)*p* yp. (21312) 
Here #,,, is, therefore, not invariant. 


The auxiliary condition of electrodynamics 


For the Heisenberg representation, we had Eq. [15.9], 


YW, 


Crt 


This is, naturally, still true in the interaction representa- 
tion at equal times: 


it ‘ Pt) =0. [21.13] 


If one chooses two different times, then an additional term 
which we wish to derive comes in. 
If Llu=0, then 


lon OD(@— 2") Bua") = 
u(x, t) =| dex" | u(x’) ae — aa D(a — x") 
t"=t’ 
is the solution with the boundary values 
a £ 
u(x,t’) and Gece [21.14] 
ot et! 


at t--t'. This follows immediately from the properties 


D(x,0)=0 and = (x, 0) = —6%(x) . 


92 INTERACTING FIELDS | Chap. 4 
Thus, 

OD,\ [45,1 [OD(a— #') 0G, (a')  8@,(a") 
(sor)=fa a | ot! On'# DG x ) On'# Ot! 


t'=t 


since 0®, [dar in the interaction representation satisfies the 
force-free equations. Then, 


oD, 
ox'" ot! 


3 Y(t) = — | de’ Die — a’) Pte) 


= 


since the first term above vanishes. Hence 
O®, 0?®,,(x') 
8m! an! Lad y 
(os a a fo) -(fa x’ D(x — 2’) Balk Oe Se ie 


Upon partial integration, again because of the familiar 
auxiliary condition for equal times, only cy/ot' contributes: 


(son) Pod =( [are Dia —a 2) ime Hen) 


Oat t Oa’ that 


Qo 


since 
OV 


we = OE a 


Again using the auxiliary condition for equal times, this 
can be written as follows: 


oD 
(so) Cu) == i( | d®x" D(a — 2’) 


; 0®,(2') j i 
On'# » Aine( ) Vt ) as :) 
o®,, El ier p 
(sr): P (to) = ~ifa xv’ D(x — a’) 
0 @ - 
Ae etd ) Halt! ) Wit). [21.15] 
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Now, we have already said that for spin-} and spin 0, 


oe) Holt) = ij9(x',1)6%(x'— x"). [21.16] 
Thus, 
eee Halt’ = a2's0), 
(52) ty) =| ate’ D(a a'"(2", to) Mt) 
or - 
eo — [Dee — 2')j( 2! to) as' Pijie0. (tT) 
tat 
With curved surfaces, j°=—j* N,, and 
ro +] GPN2)Dee— o'yare'| Wie) = 0. [21.18] 


a 


Note: This is valid for spin-0 as well as spin-}. 


22. DYSON’S INTEGRATION METHOD 4 


We are concerned with the integration of Eq. [21.5], 


.oU 

4 van = H int U. 

for the operator U which transforms from the Heisenberg 
to the interaction representation. Here U also transforms 


from Y(t.) to Y(t) in the interaction representation: 


OF; p 
ae =— Ain VY; 
Thus, 
Y(t) a OU (to, t) Pi(to) ’ [22.1] 


4. J. Dyson, Phys. Rev. 15, 486, 1736 (1949). 
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where 

OU (ty, t : 

eet) i Falt) lt). 
Dyson’s formula: If P denotes the time-ordered product, 
then 

t 
UG) — P(exp — | Hate) ae) [227 
ty 

tte 


Note: 1, The exponential is symbolic and is meant to rep- 
resent a series: 


t t 

U (tos oe ttf APE) Hl) [22.3] 

RTs 
os ty 

2. Here P is defined as before by [15.24]: 

[ 4) Bw) (4>4), 

| Bi) A) (h<t). 

For t,=¢,, this is not defined. 


P(A(t,)B(t,)) = 


3. Proof: It is almost obvious that U(ty, t) satisfies the differ- 
ential equation of [21.5], because the H,,.(t,) which is brought 
down upon differentiation contains the largest time, and, there- 
fore, stands all the way to the left. 


4. Conversely, 


t t 
~ (+4)" 
U4, 1) = > 7 foe fatgP- Cait) send ete), 
n=0 . 
to to 


where P_ represents the reversed chronological ordering (largest 
time to the right). 


5. The essential assumption in this is that 


t+r ttre 


ill 
lim | asf at (ta) Hil) =0 ’ 
t 


+ 


root 
t 
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which is not obvious for a singular P(H-H). (See the case of 
spin-0 below.) 


a. Connection with the Heisenberg S-matria ® 
We define 
S = U(— oo, +00). [22.4] 


This operator is different from zero only on the energy 
shell—i.e., only for states of the same total energy. 
In order to render this connection formally precise, we 


write 
t 


U(t,,t)=1 +{weyaemt at) [22.5] 
ty 
where 
Wit’) =——_ tHe) + oove 


We now specialize to a representation in which, in the 
sense of Dirac, the states are characterized by the eigen- 
values qo, 91, G2; --- of a complete set of commuting oper- 
ators. Here, the q’s are, in addition, to be integrals of the 
system without interaction; that is, 


[q, H,} =0. 
Then 


i 
CA W (t)| Go) = oe (91| Bq) -exp lee 4(W,— @o)t] . [22.6] 


Note: This is true only cum grano salis. In order that the 
initial state may be chosen as an eigenstate of H,, the inter- 
action must be switched on adiabatically (as, for example, if 
instead of Hi, one writes exp [—e|t\]H,., with very small e). 
Instead of this, one can also choose as the initial state a suitable 
packet of eigenstates of H, which corresponds to a wave train 
bounded in time having the “length” 27. Then, for |t|/> 7, the 
interaction can be neglected. This wave packet does not cor- 


5 W. HEISENBERG, Z. Physik 120, 513, 673 (1943). 
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respond to a sharp value of H,, and (q,|W(t)|q) is no longer 
rigorously monochromatic. Instead of V(—co, t), one must then 
consider V(—t,, +4,), where t,>T7, so that at the times —t, 
and +t, the system is free of interactions. After this, one may 
let t,> oo, and only then let Too. In the form in which the 
calculation appears here, these two passages to the limit are 
reversed: We have, without leave, first let T—+oco and only 
then taken ¢, oo. From this stems the paradox that 


ICALAGS co, t)|qo) |? 


is independent of ¢. However, a rigorous calculation made in 
accordance with the above principle shows that the results are 
not changed thereby. 


Then, 


t 


(411 ¥(—£0, 1) go) = (441 Blas) = = [exPL loo opt }ar 


or 


(4%:| V(— 00, t)| qo) 
= (4:| F|q0) exp[— i(w— a) t]6_(a—,). [22.7] 


Note: In this, 


o 0 


1 1 
0(@ “+ eo = 5 fexspcFionar = 1 exp [+ tiwt}dt. 
we 


Inw 27 
0 —o 


6,(w) oar 


For t->oo, there then follows 


(9,| V(— co, +00) Go) = (| Feo) 6(@ — @,). [22.8] 


This is based on the following lemma: 


t—>+ 00 


lim | {(w) exp [— iwt]54(w) do = 0, [22.9] 


where f(w)’ is arbitrary but regular. Then, because 6_(w) 
=6(w)—6,(), it follows immediately that in V(—oo, t), 
for too one may substitute 6 _()->0(@) and exp [twt]—>1. 
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We prove the lemma as follows: 


J={flo) )64(m) exp [— iot] do=, i exp([—iot|do , 


where the integration path, C,, is shown in Fig. 22.1. By 


0 
ee 
mee eee ee a ae ee > 

Ct 
Figure 22.1 


deforming C, into C',, we get 


dar 
Fase ee )exp[— iat— et] —a: for t>co. 
b. Transition probabilities 


Above all, the S-matrix serves for the calculation of cross- 
sections. For this purpose, then, we consider the transi- 
tion probability : 


borBd 


For large T (T>1/), it is true that 


+7/2 


‘ =|(alBldol* 5 feo iwt}dt 


| sin (w 7/2) |? 
(w/2) 


i 
47? 


=|(4| RB] G0) |?- 


1 sin? ((@/2)T) 
22 (w/2)?T 


—>6(@). 
This is obvious; the normalization checks: 


+0 
1 sin? ((w/2)7) oe 
27 (w/2)°L 
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With this, for large T, 
2 
a} 


(oirEy 


Then, the transition probability per unit time is 


~ (9:| R| qo)|?-0(w)-T. 


1 
w= Fqql (Gl Rl qo)|* -8() : [22.10] 
a 
We will use this result later. 


Remark on the S-matrix: Heisenberg originally hoped to be 
able to make simple statements about the S-matrix for theories 
without a Hamiltonian formalism as well. However, it is now 
generally agreed that too little follows from a theory which con- 
tains only the S-matrix. In such a case, time no longer appears, 
and this is certainly going too far. 


c. Additional remarks on Dyson’s formula 
Equation [22.3], 


UGggih= S ar [a os P (Hine( (t:) ... Hine(t ale 


2 


can be written as 
(it) = SF fom. for P(#, int(Ly)..- Aine (@ ae [22.11] 


Here, for spin-4, vite x. is invariant, the Lorentz inva- 
riance becomes evident because the integrand is Lorentz 
invariant. (The volume of integration, however, is not but 
that is an inherent feature. Only for U(—co, +00) =S8 does 
the whole expression become invariant.) 

Using the surfaces o, one can write 


o 


far... 


iz) 
tof 


fare, PS, int(2y) «. KH  n4(@n)) ; [22.12] 


Do 


Tiga > ae 


n=O n! 
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where 
SU (0% ,o) 
$f2(a) 


= — 14 (£2) U(a, 6) « [22.13] 


23. THE P* PRODUCT FOR SPIN-ZERO 


1. For the case of zero spin, there arises the already often 
mentioned complication that %,,,(@) is not invariant and 
depends upon the surface normal. We have 


KH p= — Lin + e?(D, N.)*p*y ; [23.1] 


where Y,,, is the Lagrangian density of the interaction, 
, ) 
F int = —— ieD, (v" ¥ = oh v) — @® eDanp* y , [2382] 


and N, is the normal to o at the point 2. 
2. The P symbol is undefined for equal times. This 
makes no difference as long as 


[A int (x, t), Mies; t)] am 0 
for equal times. For spin-zero, however, 


oy oy’* 
oat? Ox" 


(#ro(x), Hin(2")] = €? B(x) B,(2') {yredwte" 


ay" ey terms which have weaker sin- 
+ p(x) p*(x') ane? d || + gularities at f=t’ and thus 
nee do not contribute 


O2A (x — 2’) 


[#in(2), A ine(2')] = ie?®,, (x) D,(x') {wre ela") Orton” 


voy pre) roe pts BS 


a2 ne: , 
(or also = 2ie?@,(x) ®,(x’) p*(r) p(x’) —— —! fe 2 : 
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Nishijima * has shown how these two difficulties can be 
circumvented if one introduces a somewhat modified form 
of the P-product. The Dyson P-product of two factors 
was (Eq. [15.25]) 

P(A(t) Bt’) = 3{A(t), Bt} + delt— ¢)[A(H), BW), 
which is undefined for t=t'. We define a modified prod- 
uct P* in such a way that if [A, B] contains a “critical” 
term of the type 

K,,,0°A (a — 2’) /ox"da'” 
i.e., When 
027A (x — 2’) 


[A, B) aa [A, Ble “ Ky» Oa da’? 


[23.4] 


then we are always to have 


P*(A(x) B(a')) = 4{A(a), B(w)} + 3 e(w— a')[A(a), B(x") bree 
A(x — x’) 


— Kk 
mw Oat On’? 


[23.5] 


That is, the « on the right is always to be pulled through 
the differentiation. 


Note: This is a modification only for t=-t'; indeed only for z=’. 


A Lemma: 
t+t tir 
027A — alt 
L=lim— za farfa dx” ee ee Le =) a0 Meo 

since 

tty t+? 

= — 64904 lim — leu “face — mM )A(x' — x") 
t+et t+r 


=-+ Onon lim ~ “ee tfared(a—a = + 640.4. 


°K. NISHIJIMA, Prog. Theoret. Phys. 5, 405 (1950). 
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Then there follows, for example, 


tty t+ i 
1 i. OAc — 2") 
= 3m! By"! r yt ! <1) pestis cata Sai Sai! 
lim= fa wfa o° [av ae K py(@', 2 ) On’! Ox” 
t t 
= |are" Ky(x',t; x',t). [23.7] 


Now, it is to be shown that we obtain a correct solution 
of the equation 


when we set 


t 


0=3,CP fase 


n=0 
to 
t 


| dtr, P*(— Lau(@y) 005 — Lialtn)) 5 [23.8] 
e 


where Y,,,(%) represents the invariant interaction Lagran- 


gian density. 


Note: 1. We had 
FE so4 (2) = —Lim(a) + e? D2 (x) yp*(x) y(2) . 


Furthermore, 
, 0?A(xz— 2’) 
[HE let), Hgult")] = Bie? (2) By (ce) p*(2) pla) —— 
Oa Ox 
O?A(a — zx’) 
iG tee ak 
whe) cece 
from which 
? 
F in4(%) = —PFrine (2) + Pea eal : [23.9] 


2. The critical terms in the commutation relations come from 
the commutator 
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and thus from the term (4,4, “inl in[ Wine Him] and not from 
the other term. That is, 

A(x — 2’) 


[—-PLrat(%), —Fine(w')] = Kee). ae Sposoo (PBL ITy 


We now calculate 0U/ot: 


eu veel 
Sy = lim = (U (t+1)— UW). 


Besides the trivial term — i def, ,: U, there is stillan addi- 


int 


tional term from the double integrals (see the Lemma). 
Higher (triple and higher) integrals contribute nothing as 
long as at most second derivatives of 4 appear. 


Since there are (7) pairs of integrals, exactly the right 


combinatorial factor is obtained. Thus, 


en -9(- [are Lu): oe tim = ae ae foe fae 


ay a EL ) Frar(x" ))-U : 
in which 
* ' at t 0?A(x’— x") 
ale (Fin (@ ) Fine (x )) >— K,,(2')  an'"aat” * 
Thus, with the Lemma of Eq. [23.7], 
Oy i( [are %u0) 45 fare’ Kale), 
ot ; 2 
ete ; 4 
iGo [ete (Salo —5 Kaley) 0, 


so that finally 


;° U 

arr 

Remark: All of the above is based on the fact that the critical 
term in the commutator and the noninvariant term in the Hamil- 


tonian are the same. This is not accidental, and is quite gen- 
erally valid. 


= 7,,U. Q.E.D. 
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As the definition of K,,(x), let 
027A (a — 2’) 


ox oa’” 


+ noncritical terms. [23.11] 


[AH ra(@), FH a(2")| = Kyv(2) 


Then, 


ae N. 


HE sy (@ )= — Leal = 9 


N,, OW yee. eRe 


1a 


Let N be in the 4 direction. Then, N, =i, and 
H (2) = — Line(®) +5 © Kula a”). [23.13] 


We now wish to prove this relationship generally. That is, 
we want to show that this relationship is always valid 
whenever the interaction Lagrangian density is at most 
linear in the derivatives of the fields. 

The equation of motion for the state Y(c) is 


. 
(ale ¥)— 5am) 


In order that this equation be satisfied, the following integ- 
rability condition must be valid: 


. 8d 
[ral Ny % SQ(a)’ 


Wio)=0. [23.14] 


al?" , ia 


50i09| 7 9- «128-153 


Since all such theories are, indeed, derived from a self- 
consistent formulation in the Heisenberg representation, 
this requirement is always satisfied. 

Then, it follows that 


[#Frinla, N), A 1u(2', N'Y) 
3 


*s0@ 3Q@7) ,N). [23.16] 


3 
* 300 5Q(a) 2” a) 


If we now consider the critical terms, we can antisymme- 
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104 
trize with respect to # and 2’, and we obtain on the left 
ip 0?7A(v — 2’) », OFA (a’— 7) 
2 (x,.(2) OH on’? eer py On'Hoa” ‘ 
Equation [23.16] is then satisfied if we set 
) 1 027A (x — 2’) 
| oe a ee eae : 
1610) a ete 
We need Gauss’s theorem: 
=P, do= | as £ dtx [23.18] 
ou 
N 
Figure 23.1 
That is, 
) oF 7 
eR ae 3g = 2a 
sre | Poa do Coe 


With this, we can integrate Eq. [23.17]: 
= 5 [Bet K ow gel ae d’a. [23.20] 


an IN) Ani 


one should somehow regularize the 


Note: Strictly speaking, 
singular A in order that the transformation be possible 


If we spécialize the coordinate system so that N,— 4, then 


- ea")... oe . 
Nae p=4, ne oe ape = Oe ae 
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Thus, 
a a oT 
Ha (a', N) = +> Kyle’) = — 5 KGa, , iEBee a) 


and we have thus found the relation which we have sought. 
With this, we have also shown that the P* symbol allows 
the terms which depend on the normal to be circumvented, 
not only for the scalar theory, but also for all other theories 
(such as the vector theory) in which ¥,,, contains at most 
linear terms in the derivatives of the field quantities. 


Chapter 5. Heisenberg Representation: 
S-Matrix and Charge Renormalization 


24. THE S-MATRIX AND THE HEISENBERG REPRESENTATION ' 


The S-matrix can be defined without reference to the 
surfaces, although Dyson’s formula remains simpler for 
practical calculations. 

In the Heisenberg representation, we have 


ya +m)\y= + iey’® 
Y Ba" YS Y vy 


Op a 
a aa LM 

v Sy ve re ” rear 
O¢,=—j’, =>, nae 
o®, 
Ox” — 


(Compare Secs. 15 and 19.) We define incoming and out- 
going fields by the equations 


®,(x) = O(a") + | ret (a — a!) 9"(a') dtr! 
p(x) = p(x) — te | Sn — av')y'@,(ax'\y(a') ate’ |. [24.1] 
p(x) = pa) _ icf plo'y7"@.(a" S*" (x! — x) dita’ 


10, N. Yane and D. FELDMAN, Phys. Rev. 79, 972 (1950). 
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For t-+—oo, the integrals vanish in accordance with the 
definitions of the retarded functions, so that the incoming 
fields become identical with the complete fields. For t+ —co, 
the free commutation relations become asymptotically valid 
for the Heisenberg fields. In addition, the incoming fields 
satisfy the free field equations, 


[24.2] 


ee 0 


Thus, for the incoming fields the free commutation rela- 
tions are valid: 


{ye(w), GP(a')} = — i Sage — 2!) } 


. : 24.3 
[@ir(x), B?(x')]= i6,,D(e@— x’) | asa 
Analogously, we now define the outgoing fields: 
@,(x) = DP" (x) +[Dee(o— w')7"(a') d*a’ 
y(£) = p(x) — ef Sunlr— x) yee, (a eae’; [ad] 


p(x) = p(x) — ef ple" rte!) se — x) dtr’ 


In exactly the same manner, it follows that these fields 
also satisfy the free field equations and the free commu- 
tation relations. 

Since both sets of fields satisfy the same relations, there 
must exist a canonical transformation which relates them. 
Let F=y, ~ or @,, 80 that 


Ft(7) — GS-2 F(x) 8. [24.5] 
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Here S is the S-matrix as it must be defined in the 
Heisenberg representation. 

From this definition, one can, in principle, calculate the 
S-matrix recursively (in powers of e). However, this is 
much more complicated than in the Dyson formalism. 
We will not go into this further. Nevertheless, following 
R. Glauber [A-6], we will present the connection with the 
interaction representation. For this purpose we define 
new A functions which depend upon a surface o: 


Avt(e—a'), if x’ is later than o 
ole: o')= 3 é : . 24, 
ee A(n—a'), if w' is earlier than o [24.6] 
Upon using 
. =| Ene | (>?) 
set )=) 4 Geen 
and, correspondingly, 
+1 (x earlier than o) 
€(0, £') = — (a’ ] t 
ater than o), 
we have 
i / 1 t 
Aria ©) — 1800) Aret(a2 — x) of ote) A*4* (a4 — a) 4 
or 
0, x')— e(a— a 
A a eee \A@—e'). [24.7] 


2 


The dependence upon 2’ is, indeed, complicated; the de- 
pendence upon z is, however, the same as in A(a—2"). 
Thus, 

(1 — m2) A%(x; 2") = — 04(a— 2’). [24.8] 


If x lies on o (we write xco), then 


: A°(#} &')|2co= 0 
CA9(ix; x") 


Oat zCO 


[24.9] 


=) 
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Not all of the second derivatives vanish. The 4, 4 com- 
ponent contributes, while the others do not. We obtain 


C2A%(a; a! 
ect ee (O ra m?) A%(x, O \eco= = 64a — an) ; 
so that 
O27A% (ax; a! 
ee! er +N, N,d6(a—2"'). 24.10] 


Furthermore, we need 


$A %(a@; 2’) 


= = (7 — p— x"). 24, 
sO(y) 64(x'— y) A(a— 2’) [24.11] 
This follows immediately from the formula 
de(a, x’) ’ 
—~——— == 264(@ — 24.1 


which is obvious from Fig. 24.1. 


~~ = 


Figure 24.1 
Clearly, we must then define 
Se) (y=— m) A050" 
ee NOG [24.13] 
D(a; 0!) = A(#; 2')| mao 
With the aid of these functions we can, in addition to the 
incoming and outgoing fields, define further solutions of 


the free field equations which depend upon an arbitrary 
space-like surface o: 


pap (eyo) — ie| Sina)" Oie yey’ 
[24.14] 
®,(x) = ®,(«, 0) + [De a’) 9?(x') ater’ 
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Obviously, it is true that 


) 
ba +m) le a | [24.15] 
Ld, (a, o)=0 | 
(for fixed go). 


For «ca, it follows from the above properties of the A’ 
that 


Y(L, O)|eco= Y(X)| aco | [24.16] 


®,(a, O)lece = ®,(x)| “eco 


Furthermore, analogous to the interaction representation, 
we get 


CG 


(do’=N,-do). [24.17] 


In addition, the force-free commutation relations hold: 


Weleye) [24.18] 
oO 


1 Po (',0)}= —iSapl@—a') | 
[®,(a, ), v ,o) |= 


y 
@ (a )] + 16 y,D(x¢ — x’) Ir 


Note: For o> + 00, F(x, 6) > F™(z); 


For o+— oo, F(z, 0) > F(a) . 


Just as before, one now concludes that there exists a 
unitary transformation, U(o, 0’): 


E(x, 0) = U-(a, o') F(z, 0°) U(a,0°') . [24.19] 
Here, we have the special case 
U(+co, —oco)= 8. [24.20] 
It is essential that the multiplication property 


U(o,a )= U(o",0') Ula,e4 [24.21] 
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holds. From this, it follows immediately that 

dU(o,0') | 

SQ(a) 

where the precise meaning of SU(o,c)/SQ(x) is 


. U(o+ 80(2), «) — U(o, c) 
ass sQ(o, x) ; 


o + 30 


Figure 24.2 


If we write, as a definition, 


SU(c,c) i, 
“32a = — 1H (2,0) |ecoy [24.23] 
then it follows that 
sU(a,o')___,. ; 
$Q(a) = —tU(o, oO ) H (XL, 0) |zco 5 
Also, because of Eq. [24.19], 
dU (a, a’) é 
= 1 j x J j i 4 a 
S0Q(a) Use tayo’) U (exo"') @c o) [24.24] 


We define #,,,(2,— 0c) .#,,,(7). Furthermore, it follows 
from Eq. [24.19] that 

. oF (a, o) 

§.22(x’) 

In order to establish the connection with the old theory, 

we must now show that the #,,, here is the same as the 


= [F(a, 0), A (2'; 5) ]|x'co . [24.25] 
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previous one. From Eq. [24.14], 
p(w) = p(w, o) — te | S%(a; a) yD, (a! p(w’) ata’ 
(0) = 0,0) + | Dea 2) (0) abe 


one finds, by applying 6/52(a'), that 


Y OGh = ic eee yB,(20") ya") asa", 
Now, since 
ee = 54(a'— x") S(a@ — 2’) , 
a = 64(a'— x") D(x— 2’), 


aS we have seen above, it follows that 
[y(a, 0), #in(2", 0) ]le'co = — S(a — 2')y"@,(x') p(x’) 
= — eS(a—a')y®,(n', o)y(a', o)\ eco, 
[D,(2, 5), KH iy (2', o)]| Hels ad ae tD(x%— x’) 9” (2') 
= — tD(x— 2')7"(2', 6) eco, 
in which we have also used Eq. [24.16]. Here #,,, is uniquely 
determined to within a c-number; thus, U is determined 


to within a c-number phase factor, which does not inter- 
est us. The solution is 


KH x(x", o)| tj — q(x; 0) ®,(x', o)| @’cay 
and so 
HF y(", 0) = — f(a", 0) D(a, 0) . 
A special case is 


H alae) = — 7” ™*(x) Dine (er) | [24.26] 
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Yang-Feldman formalism for spin-0 particles 


The field equations are 
6) iit 
nies nue) = viel (Pyle) plar)) + Ble) ! 
ae e?®,, (x) D, (xv) p(x) - 


‘ _ (Oyt(a wn Opler 
BO, (2°> —9"(@) = — te ( - | ple) — p*(r) = } 
+ 2¢9@, (x) p* (x) p(x) . 


_ anh x" yidisy’ 


®,(«) = ®,(00, 0) + / o(ars 2) jr(w") a’ 


(as before, but with a new j*). Then, 


(C— ma) y(a, 0) = 0 ! 


24.28 
L1®,(x, 0) = 0 ! 


Furthermore, since the first derivatives of A°(x; x’) vanish 
for «co while the second derivatives do not, one sees 
immediately that 


y(&)| eco = yr, D)\ece ; 


2) Diyas O)\ co ’ 


Cy(a)! se p(z, a) — 
ro vid bee - ox” Pee - " ? N P,(2, a) p(x, D)|2co G 


This has a simple meaning. For surfaces t=const, we 
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have 
ey(a)| _ ev(2, 9) 
Ox aco Ox Seen 
Op(",a)| _ yx) -— 
nr 5 | a ieD,(x) p(x) | ecom 1*(H) aco. 


This must be true physically because the y(z, a)’s must, 
indeed, satisfy the force-free field equations and commu- 
tation relations; therefore, the derivatives of the y(a, o)’s 
must, at constant time, reduce to the z’s. 

Then, as before, we get for spin-}, 


—a ®,(a', a)y(x', g) 


4 Ale — 0!) ®, a", 0) Pe) 
+ e@,(a', a) ®,(a2', o) p(a', 0) A(a@— @')| eco 


+ €2(D,(x', 0) N’)*y(x', 0) A(a— x')| aco. 


x'co 


With 
. Sy(x, a) _ 
e §2Q(x') i Lp(a, a), H (x ’ o)\leco, 
there follows 
i ra) a! r,) * (mpl 
KH i (u' 0) =te®,(x', 0) p*(x', o) ee = eee p(x’, a) 


+ eD,(x', 0) D,(x', a) p*(x', a) p(x’, a) 
+ e(N,®,(x', 0))®p*(a', 0) p(x’, 0) . [24.29] 


We thus again obtain the expression for the interaction 
representation. 


25. RENORMALIZED FIELDS IN THE HEISENBERG REPRESENTATION 


In Eq. [11.15] it was shown that, because of the cou- 
pling to the photon field, all currents are multiplied by 
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a factor 
€ a m 
att —— ore = Ss 
Be ne die 


(We have already noted that there exists a question of 
definition here, with respect to the magnitude of this factor. 
According to Schwinger’s method, one obtains a value of 
twice the above one (Feynman’s). We will continue here 
with the Feynman value.) 

We had shown that the additional current is (see Eq. [8.3]) 


qu po] —__ 5 | tin, P(x’) Pela =x") (7) dér’, 
and, with Eq. [7.14], 


pe a ee - . 
5 <U4(@), 7°(@') Doe(a — 2') = — PK (a —2"') , 
2 
that 
ie [Ryle x) Ayla )dte! [25.1] 


Thus, with Eq. [11.7], 
ju — Qyju + o, Oye +e, DD je +... . [25.2] 


Now, it is to be expected that just as the currents, 
all fields are also multiplied by (1+y). We then consider 
the “renormalized fields,” 


1 


eats ©,(x) = (l—y +...) O,(7). [25.3] 


D(a) 

For the nonrenormalized fields, with or without interaction, 
the canonical commutation relations, 

i[D,,(x, t), D(x’, t)] = du d*(a— x’), 25.4] 


hold. This is the ‘“‘strong,’’ nongauge-invariant form. If 
one wants gauge-invariant expressions, then one can con- 
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sider 


if Hale, 1), Hyla',t)] = Sara — at) ONE Cre 


permutations). om 


Now, following Jost (unpublished), we will consider the 
commutation relations for the renormalized fields: 


[Bil x,t), Bx’) = G re apps Ode #') 

= (1— 2y +...) 66%(x— x’), [25.6] 
or 
i[ W2( x,t), Hi (x',t)] = (1— 2y be oe x’). [25.7] 


It will turn out that the infinities which apparently occur 
in these expressions are such that the vacuum expectation 
values of the commutation relations for field intensities 
averaged over a space-time region are finite, 


i( femora, freon ae 
G G, 
The field equations are 


(se 


_(,8 eh 
aly a m\= — iepy’®,(2) , 


) finite. [25.8] 


M 


)y = tey’p®,(x) , 


LID, = — j* = — tepy’y . 


Following Yang and Feldman, we make the following de- 
composition (Eq. [24.1]): 


y (a) = p's(a) — te | Stt(a — a!) py” p(x’) ®,(a’) dé’, 
p(x) = p(x) — ie [par yrse(e'— oy Oy(aydsx, 


®D,( 2) = OP(x) +] met (gg — oy’) 9a’) dita’ . 
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We wish to calculate <[@,(x), ®,(x')]>, up to terms of or- 
der e?. It is sufficient, therefore, in the expansion 


@,= OP + O74 GP 4... 
in powers of e, to go up to ®. We then have 


[D, (x), D(a") = [OP (x), OF(a’)] 
+ {DP (x), P(e )] + (OP (x), BP (a’)] . 


Because 


D(x) =|D~(e _— a')9"®)(o") d4a’ 


it suffices to calculate j"”. Because of the factor of e in 


j*=iepy"y, the expansion of j” begins with j“” so that 
nes a aS LORD pity + pe 5 a cal : 
yp (a) —— ies x) yp (x!) B(x’) dtx’. 
Therefore, 
j*® (a) =e? {pO (a)y4 S**(a — x’) yy (a') 
+ p(x’) y” Sar! — a) yp (ax)} B(x’) dtr’. 
Now, we have 


st S— 48, 
+ Sadv — S + 48. 


The terms with S contribute nothing to the integral, since 
there are no real processes in first order. Mathematically, 


| Sla— 2!) yp (x') B(x") dia’= 0, 
and 


Je O(a’) S(2'— 2) DO (x) dta'= 0. 
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In momentum space, these expressions contain 6-functions 
(which come from 8S) which state that both energy and 
momentum are conserved. However, it is well known that 
this is not possible for the emission of a photon by a free 
electron. 

Then, upon employing the formula 


5 iM (a), 7° (a!) el — a!) = eG (ae) "Blew — a) yy (a) 
oa P(x! )y"S(a' — x) yey (a)} : 
we obtain the expression 
ja =i) (je? (a) aa w')Je(a — a’) DP (x'\ dita’ : [25.9] 
Since 
;)(x) = | (ao — ar!) Ge (ar) ta’, 
then 
U f 7 i Te’ / 
D(x) = 5 far’ | d4x” D™**(4 — x’) 


LHP (a'), 7. (w" e(a'— 2") BP(a") , [25.10] 
and 


P(x) = [ome- a 9a") dee = | D(a — x')j°(a') ata’ , 
since, from the same considerations as above, 
[rw- zy7 O(a") dite == ©, 
Now, we wish to go over to the renormalized poten- 


tial Di (a). Then, in accordance with the definition of charge 
renormalization, 


PE (g) = ae ao’) { (fer), PO(a")| 
— CLA (a'), 7° O(a") Do} e(a’— 2") O(a"), [25.11] 
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Note: The difficulty with the non-uniquely defined factor of 2 
in the charge renormalization is of no consequence, since the 
idea is that neither a nor the renormalization, but only the 
difference, ®/, is defined and has significance. 


Formally, 
5 fate faser De = ji lf a), Pe) Draka See) 
== + | d4y’ D(a — a’) 7?™(z') . 


(See Sec. 8. There, the field «/, was not quantized. How- 
ever, formally this makes no difference.) 
For the j“°", then, 


je) = — 2vV0O + cS +..., 


where y+1=e/e,. Since ® is a radiation field (OO =0), 
we may certainly drop the higher-order terms. However, 
the first term is an indeterminate of the form 0/0, as is 
best seen in momentum space. Because LJ) D™ (xr) = —64(x), 
formal evaluation using partial integration yields 


JP P(e) wy 2y D(x) . 


The factor of 2, as stated previously, is not unique. How- 
ever, this makes no difference in what follows because, as 
has already been said, @{” is uniquely defined. 

We have, thérefore, 


DF (x) = D(z) +[Dwe- wg (x') dtr’ 


ae 5 fae’ | d4x” D(x —a2')(( Xz"), p(x")] 
— <[jH(a"), 7°(@") 0) e(a'— 2") B(x"), 


Now, it is the vacuum expectation value of the commu- 
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tator of this that is of primary interest: 
(Pilz), Bix) | do . 


It consists of a second-order term in addition to the ones 
of zeroth-order: 


10 uy» D(x— x) . 
Note: This is true only in a gauge-invariant expression. 


The second-order contribution, which comes from 
[BLO (x), BP (x')) >. , 


vanishes just because of the renormalization. In the vac- 
uum expectation value, the two current commutators cancel 
directly. There remains only 


(LPi(@), BF(a') Ds? = <LOO(a), B(x’) ]o , 


or 


C[DR(02), De!) = | dear" | dt" D(a — a") 


(gh (a a"), QO (a x") 1>o D(x ee oP). [25.12] 


In momentum space, we define 
4<[Di(a), BF(a') > 
= (55) fexptive—2 Pla. (25.13 
Furthermore, in Eq. [7.5] we had 
CE (a"), 70") Dg == — Bie Kyo" — 0"), 


Qie? 
tie i exp [tp(x"— 2") |] Ky»(p) dp 


Since the coordinate-space formula contains only convolu- 
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tions, the momentum-space relation is simply a product: 
alt 
Pyur(p) = + 2e? —— (pt eo GC [25.14] 
We take K,,,(p) from Eqs. [7.11] and [10.1]: 
Ky(p) = t€(p)(Pupy— Ouvp?) K(p?) , 
1 = Pare Nige + p? 
K(p?) =} 4% — 3p? p? 


0, otherwise . 


7 Dea — 4m? ; 


The terms proportional to p,p, give no contribution to the 
gauge-invariant quantities, and are, therefore, actually phys- 
ically meaningless. We can, for example, consider the field 
intensities, 


i< [Fre (2), Foo(a'))>0° 
ie ; 
q a few [¢p(w— 2") |Pyeralp) dsp , [25.15] 
Pygva (Pp) = Pup» ea(P) — Pv Pel ua(P) 
— PuPol oD) + Popol u(P) , 
and see immediately that the terms proportional to p,p, 


in /',,(p) drop out. There remains, therefore, 


2 
(Pu PrSea— Pv Pedp0 


2e 
Pugvo( Pp) = (p?)2 
— PuPoOer + PoP cdux)(— p?) K(p?) , [25.16] 


267 é 
=— me (D?) [(PuP»Sea— P»PeOua 
— PuPoSgv + PoP Spr] « [25.17] 


We will continue to calculate with nongauge-invariant 
quantities, and in doing so we will simply drop p,,p, terms. 
Relation to the canonical formalism: 


i (BD, (x,t), ®y(x', th) 2 
] : 
= ( “de presplipo(s— x') ae , [25.18] 
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where 
+00 


1 : 
Yur(p) = On (— ipo) Lurv(p) Apo - [25.19] 


—-@ 


If we drop the p,p, term, then 


Pup) = Sy» I(p) , [25.20] 
which leads to 
+0 
a 
Yup) = — ey Pol (p) Apo - [25.21] 


Note: In order to be rigorous, we can instead calculate with 
the field intensities and consider 


i<[E.(«',t), H,(*',t) Do" 
‘Byes ” 
-(5) ea linee|: ol (p) exp[ip:(x— x)]dpo. [25.22] 


This produces no essential changes in our consideration, 
for if one compares with the zeroth-order term 


i<[D, (x, t), D(x! , t)>S” = by d*(x— 2’) 
1 \8 . 
=(= bye | exp ip: (a 2) dp 


and 


i<LH.(a,1), Hola", D8 =< d4x— 2") 


it 3 
7 (ea) fir. exp [ip:(x— x')]d*p 


then one sees that the second-order term arises from the 
zeroth-order one by the insertion of the factor 


+0 


Y(P) =~ 5 | Pol (p) Apo [25.23] 


—ce 
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for the field intensities as well as for the potentials. We 
will show that this factor is constant: 


+0 
(p)= == [raF(v) ap, 


LE Ll —p?+ 2m? 1/p? + 4m? 
= J [rset = oe p? Apr - 


With 
Po €(Po) = | Pol 
and z=—(p?+4m?)>0, then, 


eo 


= | Tl 


(2 + 4m)? ~ ‘4m? 


or 
the 


0 
which is a logarithmically divergent constant. We regu- 
larize: 
vp) = y(p3m) — y(p; M). 


Let 2=—4m?2u and 


Then, 
z/4m* 5 ——— 
jal | wrt an, 2> 4m?,4M?, 
3 
oes —— 
vp) = asl oni | u - 1 a 
Lee 


and with e?/4n= a, 


z/4m* 
2 


. ce Wi a M 
———— a = — a 1 ’ 
vipa, Ju tde- O(1) 3 lag — a O11) 


2/4M* 
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so that 
V(p)=— 2y, [25.25] 


where 
Bags™ 
Y= gare iy 
(Dyson-Feynman renormalization). Thus, 
e } 8 ‘ t 
4<(®, (x,t), By(x', 1) o= (| byo| xP) exp[ip-(x— x')]d%p, 


where 
y(p)=1+y(p)+..=1-—2y+.... 


This is a verification, although not physically meaningful. 
What is essential is that [°(p?) is finite; that is, 

- R R ! (2 1 5 * 

i[Dhlw), BF(a') >? = byw (eI | exp [ip(@—a')]I(p?) dtp , 
with finite /'(p*), while for the nonrenormalized fields there 
would follow 
1<[D, (x), B,(x')]>0” 

La ; 
= Oy» (=) exw [ip(a — x')][T(p?) + 2ye(p) 6(p? + m?)] d*p , 


27 


which is infinite. We obtained a divergent result because 
the way that the question was put (¢{=t') was incorrect. 
Now, on the contrary, if G and G’ are four-dimensional 
volumes (either with sharp boundaries or not), then 


), 


7 40/40) —P)P0) d*p , [25.26] 


| Dix) dx, i D*(a') dita! 
oe 


A 


where the factors G make the integral convergent if the 
volumes ate of finite extent in the time coordinate (even 
for sharp boundaries). 
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Note: 1. It can reasonably be assumed —although we have not 
verified it—-that analogous relations also hold for spin-zero par- 
ticles. 


2. Dyson has promised a general proof that the same result is 
valid to any arbitrary degree of approximation [A-7]. 


3. A somewhat analogous procedure could be carried out for the 
currents rather than for the fields.” 


*G, KALLEN, Helv. Phys. Acta 25, 417 (1952). 


Chapter 6. The S-Matrix: Applications 


26. THE RELATION BETWEEN THE S-MATRIX AND THE CROSS- 
SECTION 


In order to apply Dyson’s formula to the cross-section, 
we wrote (Eq. [22.5]) 


U(— oo, t)=1 +fwenar. 


Using the variables q which commute with H,, we had writ- 
ten (Eq. [22.6]) 


(4.1 (qe) = $= (del Rae) exP Lio. — o2)tl 


where a=initial state, e=final state. As mentioned, this 
is only true cum grano salis. The transition probability per 
unit time then becomes (Eq. [22.10]) 


do) 


W=|(al Bla) 5 


If we now specialize to the scattering of free particles, 
then conservation of momentum must hold. This mani- 
fests itself in the fact that R contains a 6-function in 
momentum: 

' N’ N 
(ql Bde) = (4.1 Rig.) 5*(Xpi—~X pi), (26.1) 


t=] 


126 
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where the N’ incoming particles have the momenta p{, p3, 
.., Py’, While the N outgoing particles have the momenta 
Pi) Po) +) Py» Here, the particle eigenfunctions are to be 
thought of as having 6-function normalization: 


Josten ears = 6%(p— p'). [26.2] 


However, in the following it is useful to think of the 
system as being enclosed in a large box of volume G. The 
boundary conditions then produce a discrete spectrum, and 
the normalization is 


[ese P(t) 0a O55 [26.3] 


where 
5 0 pp’, 
BP il p= ip: 
For «=(22)/G, we obtain ¥j,=Vay,. The matrix 
element calculated with these functions then becomes 
(GiRalg,y Sate) Oe) P. , [26.4] 


where 


ll 
M 
os 


o 
j 2Pi ; fe 


Note about the factor a%+¥/21-1: A factor of \/x appears for every 
emitted or absorbed particle; the spatial integration which pro- 
duces dp,.p, yields the factor a’. 


In the following, we specialize to N’=2, the only case 
in which a cross-section can be meaningfully defined. The 


transition probability per unit time is 


1 
We = ae a. (gel Rl qa)|? Op,,p,0( 7) (w). [26.5] 
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Note: (dp,.p.)?=46p,,p,. This was the reason for going over to 
a finite volume. 


The transition probability per unit time, per unit volume, is 
cK | R\da)|?6p,,P,5(@— e) [26.6] 
loans on G qe Ga Poa Joe a e}* . 


We now require a specification of the initial and final states: 
Initial state: p{, p; given. 
Final state: 1. Here dQ in the direction of pj} is given; 
|p,| is determined (by energy conservation) ; 


dps = (p;)* dpi dQ ; 
2. Here p, is completely determined (by momentum 


conservation) ; 
3. Then ps, pi, «pyle m dips p....d°p-. 

For such a process, the probability per unit time, per unit 

volume, is 

~ al 

On 


w | (el Rlqa)|2Op,,P,5(a.— we) , [26.7] 


where > is to extend over the region in momentum space 
which corresponds to our final state. Changing this sum 
back into integrals yields the factors 


(1/x)"* from pi, p§, ~~ 
2 


1/a from ps 
because 
1 
[ie 2 een e 
2a aL p 
Thus, 
dQ 270) a 
"aoe Ge [erop010,- o,)| R|*aep5... dps 
agen (oo a 
bn a Jov: (p1)?6(@_ — @,)| Ri? d°*-p 
(270)? 


dps = 
— “5. 3(V—2), €\2 1 
G2 AAVOM(p)) (Faia) [26.8] 
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where values which satisfy energy and momentum con- 
servation are to be substituted everywhere. 

Definition of the cross-section 


As a definition of the differential cross-section do, we 
write 
W = 0102|v1 — vel do, [26.9] 


where 0;, 0; = densities of the particles pi, p3. 
vi, v,= their velocities. 


Now, we have 


pee cet! 
C1 = 03 —G 
Thus, 
(290)? i a vel: 
= Riga)|?-(P1)? A QMt=*) . 26.10 
do so? — og) | (el le)l?(P*| 4. | dQa**p [ 
Here, 


(q.|S—1 \da) = (q.|R| qa) 6(w@.— w,)63(P,— P.) . 
27. AN APPLICATION OF THE DYSON FORMALISM: M@LLER SCAT- 
TERING 


Following Dyson, for the Moller scattering of two electrons, 
we obtain 


— Se He 
—— | trate Pn) Hal). [27.1 


From 
H iy (@) = — j* DB, = — te(py"y)®, , 


there follows 
2 
y= = © fare Bae! P(py'p- yp y’y’) Pi ®y ®,) ’ 


where 
yp=yv(e),; yp =e’), etc. 
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The division of P into two parts is allowed because y and 
® commute. 
We consider the vacuum expectation value of this with 


respect to the photons: 
P(D, ®;)>o ph 46 uD" — Dy 


which, according to Dyson’s theorem, Eq. [15.27], is 
allowed in such an integral if the kernel satisfies the 
divergence conditions, as it of course does. We may drop 
the P which applies to y, because we only consider that 
part which corresponds to the absorption of two electrons 
and the emission of two others (the ‘‘two-electron term,” 
according to Schwinger). Then, we can consider j, as com- 
muting, because the commutators involving j, are at most 
‘“‘one-electron terms.” 

For the scattering of two free electrons, we substitute 
plane waves for p: 


TNE 
v(o)= (52) wip) exptitpayla(p) 


where 
(Ve) — p*— Vp? + m?-t ; a(p) = absorption operator . 
We then normalize: 
| Pp(©) pp'(x) da = 6*(p— p')-a*(p)a(p’) , 
So that 
u*(p)u(p)=1. 


For y, one should substitute the sum of four plane waves 
which correspond to different momenta: 


p(x) = Po,(@) + po,(L) + Ype,(%) + Po,(@) . 


Since we wish to consider only transitions in which p, and 
p, are absorbed while p, and p, are emitted, we can write 
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+ 
Figure27.1 


more simply, 
W(L) = Yo, + Pp,» 
p(x) am Pr, + Pr, c 


Now, there are four cases: 


y y yp yp 
1 1 2 3 4 
2 2 1 3 4 
3 1 2 4 3 
4 2 1 4 3 


Of these, cases 1 and 4, and 2 and 3, respectively, differ 
only by an interchange of the variables of integration. We 
can, therefore, restrict ourselves to cases 1 and 2, for 
example, and put in a factor of 2. Thus 


e? = = / 
S, = t i 2 fare fare [(Ps y" ws) (Pa yhye) 
+ (Ps v" pe) Pay" pi1)| D(a —z'). 
If we substitute the Fourier representation for D°, 


or, — 24 [exp [i(ka)] i. 
Da) = i acme ca 
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Eq. [13.12], where w»—0 at the end, then we obtain 
— te? 
= Ga 


Now, it must be noted that k? cannot be zero, as a con- 
sequence of the energy-momentum conservation which is 
expressed by the 6-functions. This is essentially due to 
the fact that we have calculated with force-free particles 
(plane waves). Thus, we can perform the integration with- 
out considering —ip? to obtain 


(Usy"U)(Usy" U2) 5*(p 


k?— ip? Pat k) 


64(p,— P3— k) — (8<>4) | d*k . 


— te? 
(22)? 


(Ugy" Uy) (Uy U2) es (Usy" U2) (Usy" U1) 
(p3— i)? (Pa— Pr)? 
OP Pam Vara): [27.2] 


S,= 


According to our recipe of Eq. [26.10], we obtain 


e! d(w 3 + ay" 
d 1° \ a 
2 = oe si ( dlp 
|[Sertentiorin rene) Fog an 
(Ps— P.)? (Pa Pa)* 


for the cross-section. 


Note: We have used Heaviside units. Thus, e?= 47/137. 


28. DISCUSSION OF THE D® FUNCTION ? 


In Moeller scattering, the characteristic property of the 
D* function was not important because, as a consequence 
of the absence of forces between the particles, the singu- 
larity at k?=0 was not at all essential. However, if for y 
we take, for example, the stationary solutions in a static 


2M. Frerz, Helv. Phys. Acta 28, 731 (1950). 
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external field, then this peculiarity disappears, and we are 
in a position to recognize the physically essential proper- 
ties of the D° function. 

Thus, let 


w(x) = u,(x) exp[— twt]-a(@) 
+ vn(x) exp[+ iw’t]:a*(w'), wo, o'>0. 


What is essential is that absorption goes with the term 
exp[—iot| and emission with exp[ | aot]. This is, naturally, 
also true for ~=y*y', where 


y* (2) = u*(x) exp[+ imt]-a*(m) + 0,(x%) exp [— tw't]-ala’) , 
and is quite generally true for arbitrary fields. 

We have now to consider processes in which transitions 
occur in clearly separated space-time regions V, and V,. 
We want to check whether the following statement is true: 
Tf the energy of the charged particles in V, increases by 
an amount w,, and if the energy in V, decreases, then V, 
is later in time than V,: t,>t,. Clearly, this means that 


At 


VyO--4ty 


Figure 28,1 


photons are emitted before they are absorbed. Now, as a 
consequence of the uncertainty relation, the uncertainty 
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Aw in wo, the energy increase in V,, is greater than 1/7, 
where 7' is the extension of V, in time: 


J 
A —, 
o> Fi 
On the other hand, it must be that Aw< Wo, because 
otherwise the sign of the energy change is not defined. 
The statements w>0 and t,>t, are, therefore, simulta- 
neously meaningful only if 


Toy) >1. [28.1] 


The part of the S-matrix which is due to transitions in 
V, and V, is, according to Section 27, 


const | dtu Jary (p(w) y*pla))D°(a — y)(Ply)y"ply)) . 


(eS 


We now consider the processes (1) an increase of the ma- 
terial energy in V,, and (2) a decrease of the material 
energy in V,, and wish to show that 1 must be later 
than 2, within the restrictions which are guaranteed by 
the fundamental inequality [28.1]. This is the relation- 
ship which the Geneva school calls “‘causality.’’? 

For V,, we now write 


B(@) y"y(x) ~ a,43 0,(x) exp 


‘ i 
+ tat — a 
Oo = 0, — OO, > OF 


Here, exp[—??/T?] is the function which bounds V, in the 
time direction; the spatial part is represented by o(x). The 
central time point of V, is normalized to t=0. The factor 
exp[+tmt—t?/T?] naturally contains negative frequencies 
too; its Fourier analysis is sketched in Figure 28.2. 
Because w)T' >1, the curve is very narrow, so that its 
negative Fourier amplitudes are arbitrarily small. Now, 


* BE. C. G. STUECKELBERG and D. RIvIER, Helv. Phys. Acta 28, 215 (1950). 
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i 


0 Wo Ip aw 


Figure 28,2 


we had (compare Eq. [13.15]) 
Do | (De) +- (Dy). 


The (D**’)- can be readily discarded. It contains only time 
factors exp[-+éwt], so that all together exp[ +i(m.+-)t,] 
results. These time factors contribute almost nothing to 
the integral because T >> 1/w,. With (D"‘)* only, our integ- 
ral becomes 


; : - ; 
far rox) [atl *y aie [80 4-ty— te) ae ae | 
Vy 


a 


"EXP [tm te — 


‘(ply ry" Py) ; 


2 


where r=|x —y|, and we will show that we can neglect 
i|(x(r+-t,—t,)) as compared with the 6-function term. Then, 
however, t,~-t,=7r>0, so that t,>t,. Q.E.D. There then 
results 


fereou of — exp 


and this describes a process at the time t,=—r+T; i-e., 
a “signal on the light cone’ having an error of +-7, as 
demanded by the uncertainty relation. 


iott, +r) — (*E7)'|-(pen rv). 
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Furthermore, since V, is earlier than V,, 


|tj|>Z so that r>T, 
and 
1TH) >1. 


That is, V, lies in the wave zone of V,. This concept of 
“causality” has meaning only in the wave zone. 

Now, one can easily show that the neglected term, 
t/(x(r+t,—t,)), goes as ~1/r? and, therefore, gives ~1/ra, 
times the contribution of the 6-function term. This is the 
first reason for neglecting this term. In this case, there 
is a justification for speaking of the free radiation field 
(real photons). For this reason we needed bound particles, 
to ensure that energy and momentum conservation do not 
forbid the emission of real photons. 

We can, formally, write this still somewhat differently : 


[Qe == OH (Dr et (De) Cia) —— 21(D™* =D) ; 


The second term again yields only the time factor 


+a 
t2 


Jew [+ twt] exp + Wot — 7m dt,., 


—o 


which is very small. The first term is exactly the 6-function 
term considered above. Thus, we have the second justifi- 
cation for neglecting i/(x(r+t,—t,)). It is also seen that 
the smallness of the above integral, which follows from 
relation [28.1], and which we have already used above to 
neglect (D**")~, is identical with the fact that such terms 
have no wave zone. 

That we have especially considered the relations for pho- 
tons, and only for the case of Meller scattering, is, nat- 
urally, of no essential consequence. What is essential is 
that D°, in contrast to its complex conjugate, has the cor- 
rect “causality property.” 
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29. THE ELECTRON SELF-ENERGY IN AN EXTERNAL HOMOGENEOUS 
ELECTROMAGNETIC FIELD 


As a consequence of the coupling of the electron to the 
radiation field, the theory, in its present form, yields for 
the electron a divergent self-energy density of the form 

HK y= SPL) p(x) . 

The idea of mass renormalization, which was originated by 
Kramers® but which was consistently carried out only within 
the last few years, is that one cannot experimentally sep- 
arate dm from the mechanical mass m, and thus one must 
identify m+ 3m with the experimentally measured electron 
mass. Practically, this means that in all terms which con- 
tain m-|-dm, the dm is simply to be omitted. The fact that 
dm is a divergent quantity need not, in principle, be dis- 
turbing. The divergence of 5m has only the effect that 
one is no longer certain of the transformation properties 
with respect to Lorentz transformations; that is, one 
cannot ascertain whether $m is a scalar or not, so that the 
prescription for omitting these terms is at first undeter- 
mined. The procedure becomes unique only upon including 
suitable additional specifications (regularization). 

This idea of ‘‘mass renormalization,” together with the 
analogous ‘‘charge renormalization’ (see Sec. 12) and suit- 
able regularization prescriptions, suffices to allow reason- 
able results to be derived from the theory for physically 
observed quantities. Here, to order e?, we will calculate 
the self-energy in an external homogeneous electromagnetic 
field up to terms which are linear in the field intensities. 
It will be seen that at first such a divergent, field-indepen- 
dent Sm-term appears. However, in addition, there will 
also be a finite, field-proportional term of the form 


M=1> Fypow, [29.1] 
py 


+H. A. KRAMERS, Rapports du 8° Conscil Solvay, 1948 (R. stoops, Brus- 
sels, 1950), p. 241. 
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where 
al ee Se 
0 (u= ¥) 


are the spin operators, and 


0st, dt, 
~ Ox Oa 


is the external field. That is, there will result 


H (ax) = (P(x) Smy(x)) + C(P(x)My(a)) , 
where 
Q BF 

/ = — -——_ —_, 29.2 

4m 47? (29.2) 
The M term represents an observable effect, namely, an 
addition to the magnetic moment of the electron, which 
then differs somewhat from the Bohr magneton. There 
results 


a 
— (tee 29.3 
Hei ( +) ue, [29.3] 
where 
€ : 
a= > is the ge magneton , 
— Gael is the fine structure constant 
~ An 137 “ 


One can also say that the g-factor of the electron is 


Je = 2 (1 a0 =| [29.4] 


We, therefore, take the field-dependent term in #7 s(X) 
seriously, while we ascribe no physical significance to the 
field-independent term dmpy, since it always appears in 
the combination (m+ 8m). For us, this means that right 
from the beginning we have used the incorrect mass. 
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Note: 1. There exists a proof due to Dyson of the assertion 
that the renormalization idea works to all orders of perturbation 
theory. 4 


2. Unfortunately, it has as yet been impossible to carry out 
the renormalization concept without recourse to perturbation 


theory [A-8]. 


Here, we do not follow the original derivation of Schwin- 
ger, but, instead, a work of Géhéniau and Villars.) This 
work proceeds from modified A and S functions which 
describe the commutation relations in the case of external 
fields. (Naturally, the D functions are not changed by the 
presence of electromagnetic fields.) 

The modified functions must satisfy the equations with 
external fields, as well as the initial conditions without the 
external fields: 


S(x,a')| _ 
(yd. aE m) ae eis 0 ~ [29.5] 


(y“dy + m)S(a, x’) = — 64(a@— 2’ 
where 


d, = —1¢By. 


x 
oat 


Note: The functions are no longer dependent only upon the 
difference (x—2’') of the arguments. 


From : 
so = ik it myAr, 
we get 
(dd, —m+eM)A =0 


(dd,—m* + eM)A'=0 ot. [29.6] 


(d,d,—m?+eM)A =—d4(x—2’) 


how 
In the approximation in which the external field is only 


4‘F. J. Dyson, Phys. Rev. 75, 1736 (1949). 
§ J, Gbukniau and F. Vittars, Helv. Phys. Acta 23, 179 (1950). 
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treated linearly, the solution can be written down imme- 
diately : 
OAS" (¢2 — x") 
om? 
‘exp [tef(x, w')), [29,7] 
where for f(x, #') one can give various expressions. Here, 
we choose a special gauge for the potentials, 


Av "(@, a) = Ave — a) — eM 


F,, = const, 
so we can choose 
A, (2) = — 4B yy”. [29.8] 
Then, one can write = « —«a, and 
x+é 
f(x, #') = —[ ata) an, [29.9] 
where the integral is to extend along the straight line 
ao” a v ae AE ; 
Thus, because of F,= —F,,, 


f(a, aw’) =—&" i (0+ 2)OA= +4 Fgh” i (we 2E2)dA 
. [29.10] 


= + of tes ao 4 FP _0°x"” = $F yy x’ ne 


Note: Instead of exp[ief], in our approximation one could, 
naturally, have written (1+ ef). However, the exponential form 
will prove to be favorable for going over to momentum space. 


Then, there easily results 


Soe, x") — (y’d, — m) A(x, x") b 

SO(a, a’) = exp[ief(x, x')] G = m) 

_ O4e(e— 2") 
om? 


[4%e— wr’) on 


+ is dere — w')Fapy%a®—a'8), [29.11] 
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Our next task is the derivation of a general expression 
for the self-energy. We effect this with the Dyson for- 
malism. Let ®,(x) be the quantized radiation field (in con- 
trast to the external field »/(x)), and let y and # be the 
electron and positron fields in the presence of the external 
field. Then, following Dyson, 


7) 2 
§2 == <a [are fare Pinay Bln Bole) 
=" fae fax pair o, ®) 


From this, we take the terms which correspond to the 
photon vacuum and to the “single-particle terms” with 
respect to the electrons (that is, those terms for which the 
average value of the number of particles in the initial and 
final states is unity): 


(2) 
Sie = — 
0 ph 


tel 


1 
J fate fare C PGF) 1a Dae — ve"), 


CPUF ra — CRC P(P YP! YP’)? 10 « 

In forming the single-particle terms, one has to leave each 
pair py with different arguments as it is; the vacuum 
expectation values of the remaining pairs with different 
arguments are to be grouped together. (Not grouping 
together terms with the same argument is a substitute for 
the neglected subtraction of the vacuum current in the 
expression j“=y"y.) Thus, 


Pp yD BYP) 10 
= + 4P(p'y*e(x'— x) 8%(a', wy" + (@ <>a')). 


The P can be dropped if attention is paid to the sign—this 
exactly cancels the ¢. (The terms neglected thereby are 
no longer of the single-particle type.) Then 


(=e) CPlpy*p- p'y*y')> 14 
=+ 5 P(p' y*8°(a', x) y*y' + (w>2)), 
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so that 
Ye, = =— = fate fase {p(a')y" 8° (x', v) D?(a’— x) y"y(a) 
+ P(x) y" 8°(x, x") D(a — x’ )y*p(a')t , 
or 


Sp = —F fate fare (pla yynse(e", 0 
“-D°(a'— x) y"p(a)) . [29.12] 


We now split S® into real and imaginary parts. Only 
the imaginary part is of the self-energy type (see below): 


SS - iF [are fare'(peeyyrt9%e, w') D(x — 2°) 
+ S(a, #')D'(a— 2')}y"p(a')) 

. [29.13] 
— 28 (a, a a’) |y"p(a')) 


Note: 1. The relation between S;?) and the self-energy density 
HE (x) is 


SP = —i [ora diz. [29.14] 


This is so because if #, were in the Hamiltonian, then the con- 
tribution to the S-matrix would be exactly the above. However, 
H , is not uniquely determined by this argument. (With respect 
to this, see remarks 3 and 4 below.) 


2. The real part, SZ’: The unitarity of the S-matrix demands 
that 


= (14 804 8? + 89)(1+ 8% — SP + 8p) =1, 


so that 
2989? aa gM gat any) 
Specifically, 
lel go lel We 
0 ph 0 ph 


Upon integrating over an infinite space-time region, each matrix 
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element of S™ is to be set equal to zero, since, in this approxi- 
mation, there are no real processes. An elementary evaluation 
of the left-hand side also agrees with this statement. However. 
in order to obviate all ambiguities which originate from questions 
of convergence, it is useful to perform a regularization (with 
heavy photons). See p. 148. 


3. The imaginary part, S/?: It can be written in the following 
manner: 


i | H (x) Aa , 


2 
aR) — =$ fave {p(x')y"[SO(x', 2) D(a'—x) + S(x', 2) Dx'—2)) 


-y# p(x) + he}. 


Above, we have already brought up the question of to what extent 
this is a self-energy density. Anyhow, the self-energy density 
is meaningless, so that only the total energy, 


18be -| HK (x) d3a , 


interests us. However, with 8S}? we obtain even less, namely, only 


[#eat= + is. 


This is characteristic of the Dyson formalism, which is primarily 
convenient for scattering processes. In its favor is to be said 
that terms in H, whose time integrals vanish are, anyhow, not 
to be considered as self-energies but should be viewed as fluctua- 
tions (Zitterbewegungen), so that they may be omitted. (This 
fluctuation is oscillatory, ~exp([2iwt], and corresponds to the 
creation of virtual pairs.) Furthermore, in the above form H, is so 
chosen that it contains no Zitterbewegung for a force-free electron. 
However, in our case of external fields, there are such terms, and 
we will drop them. 


4. It may be of interest to derive the self-energy using still 
another type of formalism (Schwinger). This derivation gives 
us H,, but, however, not the real part of S®). In the interaction 
representation, 


+— = Hint ad 4 i = —j' ob, = — te(py’p) ®, . 
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We would like to remove the H,,, by means of a canonical transfor- 


mation: 
UY = @eUe" 
If one chooses iS = H,,,, then 
ele 


I 
ee pila 
4 at [ int ] 


This is easily obtained from the Lie series 
e-*Oet* = O + [O, 8] + slo. 8], 8] +.. 
2 
= Dag -[[0, 8], 8], -. al S|. [29.15] 


Proof: 


—])r foe] 
o0et# = YO sos" = > i yur (? sos 


By induction, on the other hand, one easily finds that 
— n 
[Af lOSSINS]>:...5.S = >-1(*) SO. 
n Yad 
Thus, 
aya | 
"00° = > —|.:.[IO; 8] 8], -258). Q.E.D. 
v=o N! eee 
Then, for O— Fi, 
Ot 6 yg (ys sans 
while for O= 0/dt, 
) © os 1(d8 
— e — — 
ot ot ot 


becomes 


: ) 
ifr “) ET (Celie eee 


Upon substituting the series, the result is obtained. From S=—iH,,, 
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there follows 
t 
S(t) = — fet dt’, 


or 
° ae 
S(t) ==5 [ret —eymaenar. 


Now, since #,,, contains no real processes of first order, 


+o 
[Hat dt’=0, 


it follows that 


+o 
s(t) = —3 fee t!) Hygs(t!) at’. [29.16] 
Thus, _ 
+o 
1 i 
2 LT as 8] = —z fee t') [Hiat(t), A, (t’)] dt’, 


] te* 7 
9 Aint: S}= + [are [arere —2')[py*yh,, p'y’y'®,). 
Now, the following auxiliary formulas are useful. If 


[A, a] = [A, b] = [B, a] = [B, 6] = 0, 
or if 
(Ady == As) =4 Ba) = Rb 0’, 


that is, if 4 and B either commute or anticommute with a and b, 
then 
[Aa, bB) = $[A, B){a, b} + 4{A, B} la, b] 


: 29.17 
{Aa, bB} = (A. Bla, b]-+ $ (4, BY {a,b} ae 


Then 
[pyy®,,, 'y"y®?)] 
= bl py"y, o'r’ v']{®,, D} + d{pr'y. vy" v' S| D,, ®] . 


If we consider the zero-photon term, then we get 


a - of U t 
a[py*y. pyptyp'|Dir x’) + File a yap} Dice’) - 
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From this, one has now to construct the one-electron term, which, 
upon using Eq. [29.17], proceeds in a manner completely anal- 
ogous to that in the Dyson formalism. One then obtains 


Coy" y, Py" v'Die = — U9 py S(x, 2’) y4y’— (xozw')), 
{py y, Py" y'" Pia = — (Py? Si(a, a’) pty! + (aear')). 
Then, 
2 
[Hines Som = + = [are fase e(a — a')(Py4[S(x, x’) D' (a — ar’) 
+ 8\(x, x') D(a —x')]y*y'— (x 2’) 
2 
= =F [aefare oats + SD) y"y'+(raa'y} . 
If we now note that 


Hs = (Aint a) ph ’ [29.18] 


by definition, then we obtain exactly the same expression as we 
did previously with the Dyson formalism. 


a. Evaluation of the self-energy 
In momentum space, 
=a 
li 
Al(k) = 2 6(k? + m?), 


A (k) = 


where one always is to take the principal value with respect 
to the k, integration. In the force-free case, the following 
lemma is useful: 


SS + D(E)A(é)]d4é 


J [Day ara—r + Due) Atg— myare 


(q— k)? + m?) 6(k?) , 
calle eT (gee 
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and, because of the properties of the 6-function, 


6((q— k)? + m?*) 6(k?) | 
ke ((— k)? + m?* 
6((q—k)*+ m?) | 6(k?) 


(q? + m3— 2kq) ' (q?+ m?— 2kq) 
= — [ow + v(q? + m* — 2kq)] dv, 
so that 


fexwt- i(qé)1[D(€) A*(E) + DUE) A(E)] até 


ab 
1 3 
= (=) Jase force + 0(q? + m?— 2kq))dv. [29.19] 
0 


Remark: Something very analogous can be done with the for- 
mula for S which contains the real and imaginary parts: 


I e/a 
= i exp [—a(gé)] Do(e) 4°(g) até = 5 ale | Deke) A°(q— k) ak 


dtk 
=e: (x? — ip?)((q — k)? + m*— ip?) ’ 


where, thanks to the uw, the k, integration is also to extend over 


the real axis. 
We can transform this with Feynman's relation, which was 


already used in Eq. [11.2], 


_ v _ dv 
ab J (b+ (a—b)vpP | [a+ (b—a)vy’ 
0 0 
so that 
1 
: i exp [— i(qé)] D%(&) A(&) até 


dv 


mee | dk : = [29.20] 
(2x)* J J [k? + tu? + v(g? + m*— 2kq)] 
0 
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In the same way, we can evaluate 8°) for the force-free 
case. From 


#) =u exp[—1(qu)]d‘q 
and é=a'—«#, we have (see Eq. [29.13]) 
se— —5 fulaexpl—iaa) Pla) wag, [20.21 
where 
(a) = 5 fexpt—iae)ly"8°(é) o° DE) are 


==2, ytlip(g—k)— my" an 
(2a) J (lip) ((qQ— hk)? + m*— ip?) 


From 
y4[iv(q— k) — m]y4*= — 2iy(q— k)— 4m 
and Eq. [11.2], we conclude that 


= 2t(q— k)— 4m 
ie (290)* ao a ip? + v(q? + m*— 2kq)]* dv. [29.22] 


Note:- These are for the moment only conditionally correct 
formulas, since the k integration diverges. However, when one 
regularizes suitably, the k integration becomes convergent. 


The “regularization’’* is a formal procedure for handling 
divergent integrals without losing Lorentz invariance. In 
the simplest case of this procedure, in addition to real 
photons, one has also to couple photons of large mass M 
using an imaginary coupling constant ie. This yields 


it iy ] il 
k?—in? k®@—iw? k®?+ M*— in?’ 


¢R. P. FEYNMAN, Phys. Rev. 76, 769 (1949); W. PauLi and F. VILuaRs, 
Rev. Mod. Phys. 21, 434 (1949), 
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and, in the integrand of Eq. [29.22], 


1 J 
(...P =e ip? | o(g? + m*— 2kq)} 
_ 1 
[k? M?— ip? + 0(q? + m= Dhg — wr) ' 


With this our integral becomes 


— 2iv(q— k)— 4m 
ie [k?— de? +- v(g? + m?® — 2kq) |? 


— 2ty(q +hk)— 4m 
[k? + M?— tu? + v(g? + m? — okg— M?)}? 


which converges. We can evaluate this convergent integral 
in the complex plane by closing the path in the upper 
half-plane. The contribution over the semicircle vanishes, 


Figure 29.1 


while the sum of the residues yields an imaginary contri- 
bution which agrees exactly with Sechwinger’s expression 
obtained above. This is a proof for the previous statement 
that the real part of S“® vanishes upon regularization. 
Now, back to the calculation of Villars and Géhéniau. 
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With A = (#*—a'*)(e*—2'*), we had (Eqs. [29.11], [29.9]) 


A(A) 


om? 


S(a, v') = exp eM 


te tax" (y = m| lava) —§ 
; 16 — ra 
cE A(A) Fapy*(x? — x’) , 


and an analogous expression for S!. The integral in the 
exponent is to extend along the straight line. Then, 


# (0) =~ F fare (pe + )y*[D(A) S'(a + &, @) 
+ D(A) S(a + &,2)] y" p(x) +h.e.} . 


Note: No vacuum polarization will appear, since the external 
field has no sources. 


Upon substituting the expressions for S! and S, one 


obtains 
A (ve) =I+7F+Til. 
Here, 


= = faelp (a + £)y"{D(ay (2) 44a) 


«& 


ie| SBydx" 


+ DYAT(2)A A] y*y(0)-exp : b.e.}, [29.23] 
where 

re) =(y"sq—m); [29.24] 
= +5 [are {pe +0) Darra 24° + payne 24 


*My"p(a) + n.e.} : [29.25] 


and 


as = Fy, fare {p(w + &) y*[D(A) AA) + DA) A(A)] 
. -yHysé’p(c)+h.c.}. [29.26] 
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Note: Here, we have neglected terms of order higher than e4, 
except in the exponential of J. There, it turns out to be practical 
to keep them. 

b. Evaluation of I 


We write this term partially in momentum space, leav- 
ing, however, the (x) as it is: 


+ DYUk)A(k — G]-y*(+ ip(k— @) + miytp(r) + e.c.}, 


where c.c. represents the charge-conjugated expression. 
Here, 


G@= q—eA(x) 
If 
c P 
w= at 10S y(x) , 
then 
— dupy* + mp = 0 
That is, 


i) exp[— 2(qx)]u(q)(tyq + m) d4g= 0. 


Now, we can use our lemma of Eq. [29.19], and introduce 
the parameter v. The 6’ is then 
6'[k? + v(q? + m? — 2kq)]. 


One now makes a translation of the variables of integration, 


k'= k— 1G, [29.27] 
so that 
6'(k'? + v?m? + «€) , 
with 
e= (v— 0*)(G? + m?) 
results. 


Note: This type of translation (described by Eq. [29.27]) is 
permitted only for sufficiently convergent integrals (that is, those 
with less than a logarithmic divergence), and, therefore, is not 
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really permitted here. However, since the field-dependent term 
converges, as we shall sec, it is proper in this case; on the con- 
trary, the actual field-independent self-energy is definable in a 
Lorentz-invariant way only after regularization. 


Furthermore, 
y*[+ ty(k— G) + m] y2= — 2iy(e— G) + 4m 
= — 2iy(k' — G1—v))+4m. 


The term which is linear in k’ will, from symmetry argu- 
ments, contribute nothing, so that finally 


2 
f=— ee cap |4{ a0] arate exp [= i(qa) 16'(k? 20 mv? “I Bs 
0 


‘[—tyG(v—1) + 2m] y(@) +h}. [29.28] 
Consider the part that goes as e? (not containing the 
external field): 
q>q, g?+m'=0; hence e=0, ivyg—=—m, 


so that 


1 
(= — eee ee ae ae 
=~ emp v | d4q 
1) 


“u(g) exp [—1(qx)]0'(k? + m?v?)m(v +1) y(a) . 
The integral 


I°= | u(q) exp [— i(qa)]Io- p(x) dtq 


gives the divergent self-energy of the electron, which, as 
already mentioned, can be rigorously defined only by reg- 
ularization. 

We have 


foe) 


] 
= —- —s 
4/2 ao : 


fo — ko + A) dky = /6'(—z+ A) 


0 
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so that 


for + m?v?) dk 


SS; te oe a 
oO) (k* maui (k? + m?p2)t “ 


9 


Formally, with k= mvz, the integral above becomes 


— 27 a ae 
eet 


0 


which is logarithmically divergent. Then 


p= —* ee, es = de 29.29] 
22a 2 (1+23)# ~’ 28a 


which, of course, is undefined. 

Consider the part which goes as e® (linear terms in the 
external field). We write J=J°+J'+e¢.c., where I' then 
goes as ¢°. One must expand in powers of « up to linear 
terms: 


e? rf 
ie= = sage )exp[—2(qx)]I7-p(x)d4q, 


where 
iy =|ao| dtk 6"(k® + m?v?) [iyg(1 — v) + 2m]v(1— v)(G2-+ m?). 


Now 
i dz il 
pr +A) jan [rte 0% =+5° 


so that 


: ‘ k?dk 1 7% 
"17.2 2332 4 — 
é ni m2v2)s sl a 
(k2 + 
0 
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since 
fos) @o 


Sale a 
(eget aes: 3a?" 


0 


| 


Thus, 


1 
i eo 
= = fina —v)+ 2m] —* (q? + m?) dv. [29.30 ] 
0 


Note: The integrand has a singularity at v=0 which will 
cancel with other terms. 


Now, we decompose further: 


je a Eee {29.31] 
where 
=> ROE mem 
P e eens 
—— eee 2 2 
ie A Soscanoal Sr de. 


0 


Because of the Dirac equation, 


| Ea exeiies Galas ae an atte 


Thus, in J we can make the substitution 


q@tm=eM. 
We obtain 
1 
esos ee dae 
Na 4m 47? uf : 
0 
Thus, 


1 
2 — ae et 7) et, dv . ‘ 
(If + 0.0.) =— — —. (gMy) | (10), [29.32] 
a 
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The term J) is not of the self-energy type; instead it 
describes a Zitterbewegung. From 


| u(q)(tyq + m) exp [— igx]d4g = 0, 


upon application of 


(— dud, + m?) , 
there follows 


0 = fexp[—2(qx)]u(q) [(G? + m®)(ivg + m)— ¢F apy* Gel dsy . 


(Note that the ./(x) contained in ¥ must also be differ- 
entiated.) With this, 


Later, we will find more such terms and show that they 
correspond to a Zitterbewegung. 


ec. Evaluation of II 


We had 
esas pon en ie gts 
11=F (5) fare] ara faaesnt (qv) | 
WF, CAME =D ppp, CA) 
Dewy EDs py SM 
-y*[iv(q— k) — m] My*p(a@) + be. [29.33] 


Here, because of the e*, we can always calculate with the 
force-free Dirac equation. We have 


My*= y*M + 2iF apy’, 
y*(typ — m)y*= — 2(typ + 2m) , 
— 21F py*yP= 4M, 
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so that 
v*[iv(q —k) —m]| My* = —2[iy(¢—k) 4+ 2m) Mu 
SS 4mM “= 4iy(q i k) ye 2F 8a ae k,)y* : 


Furthermore, we may write 
fear exp (—tgeya'a=— [eam exp ian ara, 
so that 
for exp [— tqx]u(q)y*ltv(q —k) —m] My*y(x) + ¢.¢. 
=< | dtqit(q) exp [—iga}{2{iyk + mM 
+ 4F6(de— ka) y*} (a) + €.c. . 
Let 


L= Bige rid , 


where 


Ila= — [ave exp [— igqav]-2[tyk + m|My(a) + ¢.c., 


IIb =— | d*qu(q) exp [—tqa]-4P.8(qs— ke) y* p(@) + ©.¢. 


The first term, J7a, gives another contribution to the mag- 
netic moment; the second term contributes to the Zitter- 
bewegung. Furthermore, 


=, 0Ag—k 0A(q—k 
Bay 9 5 ny) 


— d 
= Fpqi LD(k) Aq —k) + Dk) A(q — he) e-conn 


=—2n/0-0" [ke + v(q? + m* —2kq)|dv. 


0 


Pa 
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Now, we may set q?+m?=0, and perform the transla- 
tion k'=k—vq. We then again write k' for k, and omit the 
terms linear in k in the integral because of symmetry reas- 
ons. Then, 


1 
ée ee 
ae tem ft 4g exp{—igrlaa) [o-3"8 + v?m?) 
0 
‘(tyqvu + m)M p(x) dv + c.c.. 


Replacing iyg by —m, we obtain 
1 


6. e dv 
Tla=+-— — :-2y] —%)—. 29. 
a tae ioe 2pMylca v) : [29.34] 


0 


Since I’, IIb, and III are Zitterbewegungen, we can already 
write down the principal result: 


1 


. e @é dv 
1 Be GY = (a) oa 
1+Tla rer ies 2pMy/(C v)— (1— v*)] A 


The singularity disappears correctly. We have 


P+ 1a =—5—--- My, [29.35] 
where a= e?/4a%~1/137. This is the correction to the mag- 
netic moment given in Eq. [29.3]. 

In addition to the Zitterbewegung terms not yet discussed, 
there still remains term JIZZ, which, as we shall see, is 
also of this form. We gather the terms which we have yet 
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to discuss: 


I” tee= =, Fog | ag exp[—iqr]u(q)y*qze 


~ 4m 47? 


1 


‘ ca dv +e.c., [29.36] 


0 


3 
IIb= + ape P oa are ae u(q) exp (— ig fo" [k?+ v(q? + m2 
— 2kq)|-(¢e— kp) y*p(x)vdv +¢.¢c.. [29.37] 


Here, we perform the usual translation k=k'+q, set 
gq’ +m?==0, and drop terms linear in k’. Then, 


e il 
1b = — Gn ks qexp[— igxJu(q) v*qe 


Vv 


ul 
f? mis w(x) dv + e.c.. [29.38] 


0 


There -still remains Eq. [29.26], 


Iites? 5 Fafa exp[— igwiitny* [ase exp[— iqé] 
* (D(A) A(A) + DUA) A (A) y4y %e"y(m) + ce. . 


Because of y*y“y*= —2y" and our lemma of Eq. [29.19], 


fexet—iaenDayar (A) + DA) A(A)] d4é 


a! 
iL 3 
7/7 ie i a: | 8'(k* + o(g? + m?— 2kq)) dv, 
0 
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which, upon differentiation with respect to q, yields 


fexpt—iaee Day axa) + DY A)A(A) | ase 


1 
— i= ? a a dtk 6'(k? + v(q? + m?— 2k )) dv 
Dh A “09, " ' q iin — vq 
0 
1 


= op fate? (q— ko] "(k? + v(q? + m?— 2kq))odr, 
0 


and we obtain 


1 @ 
tii — > a Fo avg exp[—iqz] wa) | ag. — ky) 


2 (238) 
1 
fore + v(q? + m?— 2kq))p(a)vdv + ec., [29.39] 


0 


if —Fiio , 
so that 
ee = fer = pa 
+ _ T 2 an + ia (Qn)? 
_ ak 
— “ La) 
fac exp[— iqx]u(q)y tafvte) Co ae ON Cee 
L] 
Now, with 
as d‘g exp [—igar]u(g) y* 
4m? (270)? aB q Pp q 4 uv 46 
1 
—_— 2 
fx dv + ¢.c. , 
o 
we define 


€ 


2 
ame pee TT 
4a? 4m? 


1 


foc [1— (1— #)] 


UY) 


F op | d4¢ %(q) exp[— tga] y%9? 


1—v 
v 


dv + c.c., 
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Coe fl a 3 ¥ 
= Sra gay a8] Aq u(g) exp[—ige] y*gay(a) + cc. 


ee ee 
ae aa lige? p(x) fe.| é 


Since 
depy*y = 4", 
then 
C.c. (ipy*p) = + ipy*y. 
Therefore, 
e e , op Ron A) 
=F gi i eee y*pla) + py? 


ee 
Fat Bt "9? Ago PHY) 


_@ 1 Oris 
nm 8m? dub? 
ea rs, 


= pepe “6 3"), 


since F’,, is constant. Alternatively, 


e 1 F (5 a 


~ 6m”? \aah— Ba Been 
Indeed, such terms when integrated only over space do 
not give zero, but instead a result of the form E-(dJ/dt). 

However, the time integral of this expression vanishes. 
Thus, these terms have only matrix elements which cor- 
respond to a Zitterbewegung, and which give, as stated, no 
contribution to the self-energy. 


Final Remark: The advantage of the Villars-Géhéniau method 
for the calculation of the anomalous magnetic moment lies prin- 
cipally in the fact that no charge renormalization terms appear. 
This must physically be so since the sources of the field are at 
infinity. On the contrary, Schwinger’s method yields many such 
charge renormalization terms which, in the end, cancel. 


Chapter 7. Feynman’s Approach 
to Quantum Electrodynamics ! 


30. THE PATH INTEGRAL METHOD 


Feynman begins with a formulation of quantum me- 
chanics that avoids the Hamiltonian. The origin of this 
procedure is a remark by Dirac,? which Feynman has de- 
veloped.? See also Choquard.* 

We start from a special solution of the Schrédinger 


equation for » degrees of freedom, 


" 
Ty 0. (30.1 
Veet 
of the form 
y (q, t)= K(q,¢; q',t') ’ [30.2] 


which, for t=t', reduces to the n-dimensional 6-function: 
K(q,t; q',t) = d™(q—q'). [30.3] 


This AK, then, gives us the solution for any arbitrary initial 
state, (q',t’): 


ae) =| K(q,t; q';t')p(q',t') aq’. [30.4] 


1R, P. FEYNMAN, Phys. Rev. 76, 769 (1949); 80, 440 (1950). 

7p, A. M. Dirac, The Principles of Quantum Mechanics (Oxford University 
Press, Oxford, 1947), 3rd ed., Sect. 32, p. 125, ““The action principle.” 

* R. P. FEYNMAN, Rev. Mod. Phys. 20, 367 (1948). 

‘PH. CHoquarD, Helv. Phys. Acta 28, 89 (1955). 
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The probability amplitude that the system goes from the 
state y, to the state y,, during the time t is given by the 
following matrix element: 


Kin =e fara'vatast 1) Klayt+ 05 4's yala'st. 


For simplicity, we assume in what follows that H does not 
depend explicitly upon time; then, K contains only the 
time difference t=it—t': 


K(q,t; q',t') = K(q@,7; ¢',0). [30.5] 


This restriction, however, is not essential. 
Properties of K: 


nd |x gq’; tee" (q, a"; Tdtg—=0'(q'— a9"). [SORT 


This is true because, from the continuity equation, it fol- 
lows that the integral is time-independent. For tr=0, 
however, it is equal to the right-hand side of the above 
equation. 


2. K*(q',q; tT) = K(q,q'; —1). [30.7] 
This follows immediately from the Hermiticity of H. 


3. K has the group property 
fx q'5 T1) K(q', 4"; t) d"q’= K(9,9"3 1 +72), [30.8] 


since (a) the Schrédinger equation (in q) is satisfied by both 
sides, and (b) the initial condition [30.3] is satisfied, which 
follows from properties 1 and 2. 

Feynman has attempted to give a new foundation of 
quantum mechanics in that he omits the Schrédinger equa- 
tion (Eq: [30.1)), 

h ok 


ne +HK=0 (note: H operates only upon q), 
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and in its place introduces K axiomatically. In addition, 
Eq. [30.4] is to hold. 

As is well known, the Schrédinger equation permits a 
transition according to the correspondence principle from 
a classical problem (H(p, q)) to the related quantum me- 
chanical one (H (p, q))s aside from the ambiguities in the 
ordering of the factors. Something analogous is possible 
here. One can find a solution K(q, q'; t) for small t. One 
defines 


1 


K (q,q'; t) = (22ih)-""? V Dexp Zags 7)|. [30.9] 
Here, S(q, q’; tT) is the classical action integral 
t+r 
S(q,q'3 7) = |tae, [30.10] 


t 
where the integral is to extend along the classical path 
from q' to q. If H(p, q) depends explicitly upon time, one 
must write 


t+r 
S(q,t +1; q',t) = [rar [30.11] 
t 
Furthermore, 
i | = 30.12 
D = (=a) dgidq'* |? [30.12] 
where | | represents the determinant. According to clas- 
sical mechanics, 
os ' os 
Pe= ge? Pe Byte’ [30.13] 
and the Hamilton-Jacobi equations hold: 
ee H (= 4) = 
4 [30.14] 


as | as) 
B -a(- SF 0')=0 
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We will now derive a differential equation for A,. This 
will, in general, not be the Schrodinger equation—which 
really ought not to be expected, for otherwise wave me- 
chanics would be almost superfluous since A, is, indeed, 
constructed from purely classical quantities. However, for 
small rt this differential equation goes over into the Schré- 
dinger equation. That K, for r=0 goes over into the 
6-function is more critical, and will, therefore, be explained 
with examples. 

We will restrict ourselves to a ‘“‘normal’’ Lagrangian 
function containing a magnetic field and written in Car- 
tesian coordinates: 


L = ((#)— @Axq))— Via) 
Cis [30.15] 


1 > 
H= ae (pe +Ax(q))? + V(q) 


(The case of curvilinear coordinates can be carried out in 
exactly the same manner.) Thus, 


os il (= 


s+ agit Ava) + Vg) = 0. [30.16] 


E 2M, 


We now need oD/or and, therefore, 


=| One 
OT oe 
Equation [30.16] implies 
0 Os 1 (os O28 
Se git Dans Set) greg 


Taking 0/dq’ of this expression gives 
ees - 1 oO (= \ se 
Or dq'tdq? | < m, Og’ \Oq* * ~ ") dg'teq* 
1 {os O78 
+3-(s FAs] ————— = 0. [30.17] 


ae Ogi dq’ *0q* 
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Let 
078 
Ci = aqidg’! ’ (Ps APes) 5 
and define q” by 


Leg ai= 85 = LH Pa. 


Then, 
oD OP i; 
ee Deas 
OT OT 
and 
oD —s st Opis 
Og* oq’ ’ 


where the summation convention is employed. With this, 
upon multiplying Eq. [30.17] by g’ and contracting, there 
follows 

1 oD as >» i By ( os a 

D or i, OG" 


og* 
1 {os 1 oD 

We now form 

Woke sy ema) : 

BBs (ye (ES +a) + V0) He. [30.19] 
We have 
h Oo oS: h1 oD 
(ES +s) Kom (E+ 4. +455 Se) Ben 
ho : os h1 oD\ 
($< +4.) 1 Fi — (Se +4.+5 a5 oa) Ke 


h| 0 [os i | op 
+ Flee (Spt 4+ Tap ae) Xe 


ie 1h 1 aie, 


Por Vee Oa D oF 


We order according to powers of 7 and add. Then, the 
zero-order terms in # vanish because of the Hamilton- 
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Jacobi equation, Eq. [30.16], and the first-order terms in 
h yield 


h {1 oD does 

nib ot Dims ag 
An\ 1 oD 
Ie 


+32 (se+4)5 oo 


There remain only the terms in #? (the ‘false terms”’): 


If LoD Vendo 
ai Nee ee & oq all i. 


If these are combined, then there follows 


h 0Ke oe ee 
a 2h Pr aa : 


Note: If D is independent of q, then K,=K is already the 
correct solution. 


=0. [30.20] 


We now wish to show that in the general case, although 
K, is not the desired K, for small t it does have the right 
properties. More specifically, we wish to show that 


te K.(q,q'; 0) =d™(q—q'), 
2. lim oe on 
tae {4 


If these are satisfied, then, with the aid of the group prop- 
erty [30.8] we can obtain the proper K from K, by means 
of a limiting process: 


N~1 
K(q,q'5 7) = lim | [[Ko(g*™, ge) dgt...dq*...aq’-4, [30.21] 


N—>co 
tT fixed 


in which we have divided + into N intervals of size e 
t=Ne, and q’=q, qg=q 

and K, is given by [30.9]. Equation [30.21] can be inter- 

preted as an integral over all classical paths.» Because 


°R. P, FEYNMAN, Rev. Mod. Phys. 20, 367 (1948). 
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lim (K—K,)/c=0, the error in K cannot give a finite 
result in Eq. [30.21], so that this is in fact the correct K. 

We must still prove assertions 1 and 2. To this end, 


we consider a few examples. 
a. The free fall: 


L= “ae + mgq, 


m 
Ko(q,¢q'3t)= K(q,q'3 t)= a 


a (q’—@q)? +t ; 1 
-exp [F m( —— + yale )— 54-97) 


~ 


. (30.22 


b. The linear harmonic oscillator: 


m. ma) 
ee te 2 
LGU ee 


Ko(q,9'3t) = K(q,-9'3 7) 
_4/ mo a (q? + q'?) cos wt — 2qq' 
= | 2nih Sin wt io) aaa 2 sinwt : 


[30.23] 


c. A free particle in a homogeneous magnetic field: 


ie , i : eH 
L= F(t @)— mo(qige— Gh), T=, 
mo 
Ke(q,q'st) = Ka, q'it)= 2Qrih sinot 
vo eee a ES 30.24 
exp jmo( omer + G291 — 9142 || - [30.24] 


For the proof of the above assertions, we write, cor- 
responding to our expectation, 
a ‘ 
[ K(a.a'se)pla') da’ = 9(9) + eTHGla) + tz(G,t), [30.25] 


- 


and wish to show that 
lim y(q, tT) = 9. [30.26] 
tT=0 
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This includes both assertions 1 and 2. For the case of 
example a, the calculation can be carried out exactly. 
In doing this, all the essentials can already be seen. We 
have 


i K(q,9'5 t)p(9q’) dq’ [30.27] 


= m hl eee 
i Vacs exp im 2t 


Pt) ae 
aude 2) oe 


, m 7m iT 
= exp[— iron 5 Jew F at (e— CG = ie a) 


-p(q+&) dé. 


y(q') dq’, 


With —i4gr?=u, Hq. [30.27] is equal to 
= exp[— it i ex oe u® + 272 
eee i Le Qniht Plat a 
Sy i gt*||: P(g + wu + $gt*) du 
12 4 
If u= vv/2t, this becomes 


‘ m 4 
= exp[— it9q] \ nih | eXP Iz 


mot + ove") 


(a + V2t0 +4gt?) dv. 
With 
+00 


Jexp [tau?] du = Te (vi = exp I+ a 4) , 


—oO 


+0 
fexp [iau?]u-du=0, 


—-o 


—in\t 
fox (tau? }u? du = - | | 5 
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and 
o(q + V2t0 + Agt*) = 9(g) + V270p'(q) + Te*G"(g) + Olt?) , 
there results 


fr q'; t)p(q') dq’= exp "4 
-[p(q) +t: ih@"(q)] +-O(t?) = [30.28] 


it{ nh? o 
oni h| 2m eq? + gq| p(q) + O(t*) , 


which is what we wished to show. For example b, the 
procedure goes exactly the same way. The general proof 
is patterned after this calculation. The idea is as follows. 
In the somewhat unusual variables q and q’, the smaller 
|g—q'| is, the better one can replace S(q, q'; 7) at fixed r 
by the foree-free S. 
Force-free case: 


: (q'—4)" 
So(q,q'; T) = m a . 
General case: 
t ( i Ve ne t 
S(q,q';t) =m at (q) + 81(4,4'3 7) 5 
where S,(q, q/;t)—>0 for q'>gq at fixed t. ¢S,/eq gives the 
change in the final momentum which is a consequence of 
the force acting along the path. Let F(q) be the force. 
Then, physically, our assertion is that if 


| F(q +1q/)\2 <m!2— [30.29] 


(that is, if the action of the force is much less than the 
momentum in the force-free case), then 


2|F 
eae Lbs [30.30] 
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If one limits oneself to not too rapidly increasing forces 
(i.e., if |F|/|q’—q| is bounded), then |S,| for large |q’—q| 
is uniformly bounded. Then, the integral can be evaluated 
in the following manner. There exists a & such that for 
\q'—q| > & our above condition is satisfied, so that an error 
<O(t?) is made if S, is neglected. For &€<&, this is not 
permitted, but ¢é, can be so chosen that lim|(1/7)&o| = 0, 
so that the contribution of this integral also vanishes be- 
cause the integrand is, indeed, bounded. This & exists 
because it must be true that 


m Qh 
7 PQ) t? <& < oma 


The best &, is 


o = 15/4 


Vamh’ 


and this, in fact, satisfies all conditions. With this it is, 
therefore, shown that 


, , , h 
fea 15 7)P(4') da'= 9(4) — tH(G) + x4(9,7), [30.31] 


where 


gp) come 


i ora (| te 


Note: 1. The same calculation can also be carried through for 
the case of velocity-dependent forces (as in the presence of a 
magnetic field). 


2. The only restriction is that 
|F(q)| < M-|q]. 


That this condition for being able to use the force-free 
K, for small rt and fixed |q'—q! is also necessary, can be 
seen in the example—also interesting in its own right— 
of a particle in a one-dimensional box of length L. This 
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corresponds to a potential 


rin — poe 
ria=e-(2) 


Then, 
how 7 
a ae 0, where (0,t)=—y(L,t)=0 
With 
Puls t) = Un(q) exp[—Mn1], 
we have 


#,(q) = \2 sin (“) ‘ 


1 Da _ hn 
h2m 2mL? 


ey 2 
The kernel K can be obtained in two ways: 

1. From the familiar representation of the Green’s func- 
tion in terms of eigenfunctions, 


K(q,q'; tT) = > wa(q)un(q’) exp[—inT] . 


Then, 

1 NI 
K(q,q';T) =, 5, eS (q= a’)}- cos (‘Fa+a) 
, batt 
‘omit 


n* 


-exp{|— [30.32] 


2. From the kernel for the free particle, 


Fk 4! )? |= K,(q—) ; 


Tae — m 
K,(q, q ’ T) Vee xp 
using the method of images, 


mG; = [Ko(q— q’ —2Ln) — Ko(q +4’ —2In)]. 


n=—o 


Both kernels K and K' are, of course, identical, which 
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can most easily be seen as follows. In the notation of 
Whittaker and Watson,‘° 


+a 
8,(z\t) = > exp([2niz] exp [intn?] 


n=—O 


=1+42 > cos2nz-exp [inrn?], 


Nol 


and it is true that 
8,(2|T) = B,(— 2|T) 


and 
O5(2|7) = (—it)-texp |—_|-B Sed [30.33] 
= De) i ae ; 
There then results 
Ae a(q—q')| har 
5 t) os OL | mae 
_# rae _ hat 
A er Q2mnL? 
and. 
eee Mit aie 
K'(q,q'; 7) V soa (ex a! a’ 
mi 2m 
4 Sere Sava eae 2 


— exp sae a a'*|-0( + ee (q+q') Le a} , 
and, because of relation [30.33], these two expressions re- 
duce to the same thing. 

In this example, one recognizes that for | /(q)|> M-|q|, the 
force-free kernel K, need not yield a good approximation 
for small r and fixed |q’—q|. Here, nervertheless, the clas- 
sical K, is a rigorous solution of the Schrédinger equation. 


*E. T. WHITTAKER and G. N. Watson, A Course of Modern Analysis 
(Cambridge University Press, Cambridge, 1927), 4th ed., p. 462. 
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Note: The # series converges uniformly only for Imr>0; 
actually, the kernels we have written down do not exist for real t. 
Nevertheless, it can be shown that 


i! K(q,¢' ; t)p(q') dq’ 


exists for sufficiently ‘‘normal’ functions g(q’), and that it is 
given by 


m | Ka q'; t+4e)p(q') dq’. 


li 
e-> 
All of the above formulas are to be considered in this sense, 


then—as the limiting value for the vanishing imaginary part after 
having performed the integration. 


With the aid of this formalism, then, Feynman also 
introduces quantum electrodynamics. First of all, one can 
give a rigorous solution for the forced oscillations of a 
harmonic oscillator.’ 


[30.34] 


so that 
q+ w*q= y(t). 


Note: Here, K(q,t;q’,t') is not dependent only on t=t—?; 
nevertheless, this changes nothing essential in the previous con- 
siderations. 


We have then’ 
(62) 

S= ——— 

2 sin wt 

t t 


(q?+4q'?} CoSwt:— 2qq' 


) 
aaa 


Dy! 
v(u) sin w(u—t’) du + = ftw sinw(t— vr) dr 
a 


K: 
ae 

-- (—2) fac | duy(v)y(u) Sinw(t— vr) sinw(u—t’)|. [30.35] 
t’ 


™R. P. FEYNMAN, Phys. Rev. 80, 440 (1950); Section 3. 
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In particular, the diagonal element of the ground state is 


Koo(t, t’) = | aa] dq’ wo(q, t) K(q,t34',t’)ol(q',t’') , 


/[@ 1 A 4 
Wolq,t) = | oe ee me 5 ’ 


il 
Koo(t, t') = exp - on 


[aw fawrtoayce) exp[—iw(v—4u)]|, [30.36] 
t i 


as can easily be verified.® 

With this, the field oscillators can be eliminated. Let us 
consider a system—an electron, for example—coupled to 
an oscillator. Then, 


H = H,(x) + $(p? + w*q?)— y[w(t)]-¢. [30.37] 
If we then apply our product expression [30.21] for K and, 
in particular, ask for the matrix element for which the oscil- 


lator remains in the ground state (~ photon vacuum), then 
we can integrate over gq to find 


K(a,a';7 )= lim J. [Ivdexr}; Silex exie) 
x=0 
: Ko(y(*1) see y(t,)) da ’ 
where t= (N+1)e, 2’ =&%, «= a,,,, and Ky is to be con- 
sidered a functional of y(#); or, if the integral is written 
as a Riemann sum, then it is to be considered as a 
function of the N quantities y(#,). 

Feynman then applies this to the infinity of field oscil- 
lators and obtains exactly Dyson’s formulas, as must of 
course be the case. In particular, the D° function comes 
out very nicely. 

As one can see here, the formalism is exactly equivalent to 
the usual quantum electrodynamics. However, in this man- 
ner Feynman derived the Dyson formulas before Dyson did. 


® Ibid. 
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Appendix. Comments by the Editor 


[A-1] (p. 1). The following notation is used: 


Quantities a“, b, with Greek index w=1, 2, 3, 4 desig- 
nate 4-vectors. Scalar products are written with the usual 
summation convention as 


(ab) = a“b, = aeb—a°d, 


where a, b are 3-vectors and a4= ia’, b,=ib,. In this 
notation there is no distinction between upper and lower 
indices. Arbitrarily, upper indices are used for position 
vectors x“ (x°=t), currents j“, and Dirac matrices y“ (the 
latter are all Hermitian); lower indices for momentum 
vectors k,, quantized vector potentials ®, and external 
(c-number) vector potentials v,. Furthermore d*r= d*xda,, 
d*kr= died, 

An upper index * is used for complex conjugation of 
e-numbers as well as for Hermitian conjugation of g-num- 
bers. Exceptions are Eq. [3.13] where the star means com- 
plex conjugation, and Eq. [15.10] where the meaning of 
the star is defined in Eq. [15.15]. In the last equations 
as well as in other places such as in Eqs. [3.17] to [3.19] 
Hermitian conjugation is designated by an upper index ’. 
No attempt to correct these inconsistencies has been made 
since the meaning is evident in each instance. 

Units are used such that A =c=1. Maxwell’s equations 
are written in Heaviside units such that e?/(4%) = «21/137, 
e being the charge of the electron and « the fine structure 
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constant. Then 


OO,=— jr; Gem, 

where 
Bee 0a Oe 
Ont Oak Or 


is the d’Alembertian and the second equation is the Lo- 
rentz condition. For details see W. Pauli, Electrodynamics 
(M.I.T. Press, Cambridge, Mass., 1972). 


[A-2] (p. 48). An interpretation in terms of measuring 
prescriptions is given in W. Heitler, The Quantum Theory 
of Radiation (Clarendon Press, Oxford, 1954), 3rd _edi- 
tion, p. 319. 


[A-3] (p. 51). A spin-} particle possessing an anomalous 
magnetic moment ye/(2m) in addition to the normal Bohr 
magneton e/(2m) gives rise to an interaction 


in addition to the normal (or ‘‘minimal’’) interaction of 
Eq. [19.2]. Such a term which depends on the fields fF, 
rather than on the potentials ®, is called a Pauli term. 
See W. Pauli, Rev. Mod. Phys. 18, 203 (1941). 


[A-4] (pp. 53, 59, 79). Sections 13, 14, and 18 are largely 
repetitions of Sections 5, 9, and 3, respectively. This is 
because Sections 1 to 12 were delivered by Pauli during 
the shorter summer term of 1950 while Section 13 started 
the winter term of 1950-1951 after the long summer va- 
cations. In the German original this division is explicitely 
marked as Teil I and Teil I. 


[A-5] (pp. 66, 73). Here there is a switch in the meaning 
of Y(N,) from eigenvectors |(N,)> to amplitudes of these 
vectors in a general state Y. More correctly one should 
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write 


W = > |(N,)>e(N,). 


(W4) 
Then it follows from the auxiliary conditions [15.14] and 
the equations at the top of p. 66 that 


VN, +1e(N,+1, N,) + VN,c(N,, N,—1)=0, 
VN,c(N,—1, N,) + VN, 4 1c, V,+1)=—0. 
Hence 
o(N,, N,) = dy, y,(—1)**e(0, 0) , 
so that with c(0, 0) +0 
||? = > le(Ms, N4)|* = 00. 


N3N4 

The assertion on p. 73 is obtained as follows: The time- 
dependence of the norm of ¥ is given by 

[Y*(t)|? = (W(t), p(t) = (Y’* exp [— 1H 't]y exp [+ 7Ht]¥) 

=> DYet(N,)e(N,) (N,) exp [— tH t]y exp [+ tH t]|(N,) 


viens 


Now, from the equation on top of p. 72 it follows that 
exp (—+H't]n = y exp [— tH] . 

But from 

Plo A= 12,35 

eos te ee od 


one has [7, V,]=90 and 
<(W,)|n|(N)> 7 Burp any (—1)"*<(0)[9|(0)> : 


Hence 


|¥(t)|? = > Je(W7,)|? (—1)"*<(0)|9|(0) 


Wy) 
which is indeed constant in time and of the form indicated 


on p. 73. 
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[A-6] (p. 108). Here Pauli refers to unpublished work by 
R. Glauber ‘‘on the unitary operator which describes the 
time development of a system and the demonstrations of 
its connection with the ‘in’ and ‘out’ operators and that 
the S-matrix defined by means of those operators is indeed 
the same as Dyson’s” (quoted from a letter by Roy J. Glau- 
ber to the Editor). This work is included in the paper 
by Yang and Feldman (Ref. 1 of Chapter 5) and acknowl- 
edged there in Footnote 14. Pauli had suggested to Yang 
that Glauber be made co-author of the Yang-Feldman paper. 


[A-7] (p. 125). Dyson of course kept his promise, see 
Phys. Rev. 82, 428 (1951); 83, 608, 1207 (1951); Proc. Roy. 
Soc. (London) A 207, 395 (1951). 


In Footnote 7 of the first of these papers which was sub- 
mitted on December 11, 1950, Dyson thanks ‘‘Professor 
W. Pauli and Dr. Res Jost, who pointed out to him the 
necessity for working in terms of such field-averages” and 
refers to an unpublished calculation of Jost which ‘‘in- 
cluded many of the ideas of the present series of papers.” 
This shows the importance the activity of the Zurich school 
had at the time these lectures were given by Pauli. 

As to the case of spin-zero mentioned under 1 it was not 
possible to find out whether the analogous work has ever 
been done. 


[A-8] (p. 139). The following comment to this Note has 
kindly been supplied by Klaus Hepp: 


1. It can be proved that the idea of renormalization is 
correct in every order of perturbation theory. This has 
been pioneered by Dyson? and extended to various for- 
malisms and on many levels of mathematical rigor by 
many authors.? 


2. In certain models of interacting quantum fields in 
s-dimensional space-time (as in the Yukawa interaction 
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for s = 2,3 the quartic boson self-interaction 4 for s = 3, 4 
and the © interaction for s = 4°) the definition of a re- 
normalized locally correct Hamiltonian can be given in a 
mathematically rigorous way. The (in the limit of no 
cut-off) infinite counter-terms are exactly those which are 
suggested by perturbation theory. For the Yukawa model 
the results of Glimm and Jaffe are very encouraging: the 
time evolution in the Heisenberg picture of the renorma- 
lized theory is local and leads to a consistent definition of 
the nonlinear terms in the quantum field equations. 


1F. J. Dyson, Phys. Rev. 75, 486, 1736 (1949). 

2 For references see the contributions of K. Hepp and H. Epstein in the 
1970 Les Houches Lectures, C. de Witt and R. Stora, editors (Gordon and 
Breach, New York, 1971), and O. STEINMANN, Perturbation Expansions in 
Axiomatic Field Theory, Lecture Notes in Physics (Springer, Berlin, 1971). 

3 J, GLIMM and A. JAFFE, Ann. Phys. (N. Y.) 60, 321 (1970) and J. Fune- 
tional Analysis 7, 323 (1971). 

‘J. Guimm, Comm. Math. Phys. 10, 1 (1968). 

6K. OSTERWALDER, ETH Thesis (Zurich, 1970). 
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_ “Wolfgang Pauli was a great theoretical _ 


physicist who made many major con- 
tributions to the formulation of the 
key concepts of present-day theoreti- 
cal physics. It is therefore of consider- 
able interest to see his approach to the 


presentation of these concepts through 


_ the various lecture courses he gave to 
students at the Swiss Federal Institute 
of Technology in Zurich. The books 
reviewed here are excellent transla- 
tions by S. Margulies and H. R. Lewis 


of lecture notes taken by different stu- _ 


_ dents and collaborators of Pauli. The 
notes have been carefully edited by 
_C. P. Enz who provides a preface and 
an appendix to each volume. ...A 
foreword to this series of books by 


Victor Weisskopf sets out the rationale — 


for this. publication of notes of lec- 


a ll | Muu 


_‘Pauli’s a39092 


never out of date,’ his style ‘is com- 
mensurate to the greatness of its sub- 
ject in its clarity and impact’ and his 
lectures ‘show how physical ideas can 
be presented clearly and in good 
mathematical form, without being 
hidden in formalistic expertise.’ There 
can be no argument with these views. 
. There is no doubt that the books 
could provide excellent ‘additional 
reading’ and would be particularly 
valuable for the well-motivated and 
enthusiastic student. Equally they 
could provide a good basis for optional 
courses in theoretical physics either 


‘for physics- or mathematics-based 


undergraduates. Together they are a 
remarkable testimony to the elegance 
of Pauli’s approach to physics, his 
powers of exposition and his pene- 
trating insight. | should certainly wish 
to associate myself with the con- 
cluding sentence of Weisskopf’s fore- 
word—’May these volumes serve as an 
example of how the concepts of 
theoretical physics were conceived and 
taught by one of the great men who 
created them.’ "—Nature 
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